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Instead of epigraphInstead of epigraph

You can get much further with a kind word and
a gun than you can with a kind word alone

(Al Capone)

You can get much further with an insight from
experiment and mathematics than you can

with mathematics alone



Why Why graphenegraphene is interesting?is interesting?

Till 2004: a way to understand graphite, nanotubes,

fullerenes +  theoretical interest 

(Dirac point Wallace 1947, McClure 1956…)

Do we theoreticians need experimentalists?! – Yes!!!

(Klein tunneling, supercritical charge, ripples, new wave 

equation – bilayer, new type of transport…)

1. Applications (modern electronics is 2D, bulk is 

ballast)

2. Prototype membrane (new drosophila for 2D 

statistical mechanics)

3. CERN on the desk (mimic high energy physics)



MasslessMassless DiracDirac fermionsfermions

sp2 hybridization, π bands crossing
the neutrality  point 

pseudospin

Neglecting intervalley scattering:
massless Dirac fermions

Symmetry protected (T and I)



OutlineOutline

Minimal conductivity problem and transport via 

evanescent waves

Klein tunneling and inhomogeneities

Gauge pseudomagnetic fields and strain 

engineering

Relativistic collapse for supercritical charges



Quantum-Limited Resistivity
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Problem of minimal conductivityProblem of minimal conductivity

At zero doping, zero temperature there is a finite 

minimal conductivity approximately e2/h per channel

Amazing property of 2D massless

particles:  finite conductivity for ideal 

crystal – no scattering,  no current 

carriers! (Ludwig et al, PR B 1994)

Two views: from the side of no disorder
and from the side of strong disorder



Transport via evanescent wavesTransport via evanescent waves

Conductance = e2/h Tr T per valley per spin

T T is the transmission probability matrixis the transmission probability matrix

The wave functions of massless

Dirac fermions at zero energy:

( ) ( ) ( ) fiyxfyxyx
y

i
x

∀±==








∂

∂
±

∂

∂
±± ,0, ψψ

Boundary conditions determine the functions f

MIK, EPJ B 51, 157 (2006)



Transport via evanescent waves II

f(y+Ly) = f(y)
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Edge states near the top and bottom of the sample

New type of electron transport: via evanescent
waves – different from both ballistic and diffusive



Transport via evanescent waves IIITransport via evanescent waves III

Leads from doped Leads from doped graphenegraphene

Conductivity per channel: Conductivity per channel: 

The problem of “missing The problem of “missing pi(epi(e)” )” –– may be, no problemmay be, no problem



Other geometries by conformal mappingOther geometries by conformal mapping

(MIK and Guinea, PR B 2008; Rycerz, Recher and Wimmer, PR B 2010) 

Λ transforms the region
to circular ring (Corbino
geometry)



AharonovAharonov--BohmBohm effect at zero dopingeffect at zero doping

MIK, EPL 89, 17001 (2009)  

Magnetic flux tube within the ring

General shape (topologically equivalent to rings)



Electronics:Electronics: heterostructuresheterostructures ((pp--nn--pp junctions etc.)junctions etc.)

Classical particles:Classical particles: cannot propagate through cannot propagate through 

potential barrierspotential barriers

Quantum particles:Quantum particles: can propagate (tunneling) butcan propagate (tunneling) but

probability decays exponentially with barrierprobability decays exponentially with barrier

height and widthheight and width

UltrarelativisticUltrarelativistic quantum particles:quantum particles: can propagatecan propagate

with the probability of order of unity (Kleinwith the probability of order of unity (Klein

paradox)paradox)

ChiralChiral tunneling and Klein paradoxtunneling and Klein paradox

MIK, Novoselov, Geim, Nat. Phys. 2, 620 (2006)



Klein paradox IIKlein paradox II

UltrarelativisicUltrarelativisic

NonrelativisticNonrelativistic

Tunnel effect: momentum and coordinate Tunnel effect: momentum and coordinate 

are complementary variables, kinetic and potentialare complementary variables, kinetic and potential

energy are not measurable simultaneouslyenergy are not measurable simultaneously

Relativistic case: even the Relativistic case: even the coordinate itselfcoordinate itself is not is not 

measurable, particlemeasurable, particle--antiparticle pair creationantiparticle pair creation



Klein paradox IIIKlein paradox III

Transmission probabilityTransmission probability

Barrier width 100 Barrier width 100 nmnm

Electron concentrationElectron concentration

outside barrier 0.5x10outside barrier 0.5x1012 12 cmcm--22

Hole concentrationHole concentration

inside barrier 1x10inside barrier 1x101212 cmcm--2 2 

(red) and 3x10(red) and 3x101212 cmcm--22 (blue)(blue)



Klein paradox IVKlein paradox IV

Problem: Problem: graphenegraphene transistor transistor 

can hardly be locked!can hardly be locked!

Possible solution: use Possible solution: use bilayerbilayer

graphenegraphene: : chiralchiral fermions withfermions with

parabolic spectrum parabolic spectrum –– no analogueno analogue

in particle physics!in particle physics!

Transmission for Transmission for bilayerbilayer; ; 

parameters are the same as for parameters are the same as for 

previous slideprevious slide



SemiclassicalSemiclassical theorytheory
T. Tudorovskiy, K. Reijnders & MIK, 2011

One-dimensional potential

Skipping tildas: the Hamiltonian



SemiclassicalSemiclassical theory IItheory II
Reduction to exact Schrödinger equations for complex

potential

Canonical operator, expansion in h plus comparison with exact 
solution for linear potential (McCann & Falko, 2006)



SemiclassicalSemiclassical theory IIItheory III

Fabry-Perot resonances

For nonsymmetric p-n-p junction
100% transmission – only at normal 

incidence



Comparison with Comparison with numericsnumerics

Asymmetric barriers



BilayerBilayer graphenegraphene

“Magic angles” with 100% 
transmission always exist 

(numerics)

Interesting and important 
theoretical problem (no obvious 

conservation law, etc.)



Klein tunneling: Experimental Klein tunneling: Experimental 

confirmationconfirmation



Klein tunneling prevents Klein tunneling prevents 

localizationlocalization
Back scattering isBack scattering is

forbidden for forbidden for chiralchiral

fermions! Magic angle = 0fermions! Magic angle = 0

NonuniversalNonuniversal magic angle magic angle 

for for bilayerbilayer exists!exists!

Electrons cannot be locked by random potential Electrons cannot be locked by random potential 

relief neither for singlerelief neither for single--layer nor for layer nor for bilayerbilayer

graphenegraphene –– absence of localization and minimalabsence of localization and minimal

conductivity?!conductivity?!

Conventional semiconductorsGraphene



Quantum-Limited Resistivity
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Inhomogeneities are unavoidable

Freely suspended Freely suspended graphenegraphene

membrane is corrugatedmembrane is corrugated

Meyer et al, Meyer et al, Nature 446, 60 (2007)Nature 446, 60 (2007)

2D crystals in 3D space cannot be 2D crystals in 3D space cannot be 

flat, due to bendingflat, due to bending instabilityinstability

Atomistic simulations of
intrinsic ripples

Fasolino, Los & MIK, 
Nature Mater. 6, 858 (2007)



Chemical bondsChemical bonds

RT: tendency
to formation of 
single and double 
bonds instead of
equivalent 
conjugated bonds

Bending for 
“chemical” reasons



PseudomagneticPseudomagnetic fieldsfields

Nearest-neighbour approximation: changes of

hopping integrals  

“Vector potentials”

K and K’ points are shifted

in opposite directions;
Umklapp processes 
restore time-reversal 
symmetry



Ripples and puddlesRipples and puddles
Gibertini, Tomadin, Polini, Fasolino & MIK, PR B 81, 125437 (2010)



Gauge fields from mechanics: back Gauge fields from mechanics: back 

to Maxwellto Maxwell

Review: Vozmediano, MIK & Guinea, Phys. Rep. 496, 109 (2010)

Electromagnetic fields as deformations
in ether; gears and wheels



ZeroZero--field QHE by strain engineeringfield QHE by strain engineering

F. Guinea, MIK & A. Geim, Nature Phys. 6, 30 (2010)

Within elasticity theory (continuum limit)

Pseudomagnetic
field



ZeroZero--field QHE by strain engineering IIfield QHE by strain engineering II

Homegeneous magnetic field

With normal forces only

Three-fold 
symmetry



ZeroZero--field QHE by strain engineering IIIfield QHE by strain engineering III

Graphene: deformations up to 25%; at 10% pseudomagnetic
fields of order 10-20 T.  Can be a bit inhomogeneous

Normal stress applied to three
edges, size 1.4 µm DOS in the center (0.5 µm)



Experimental confirmation?Experimental confirmation?

Graphene on Pt(111)
STM observation of pseudo-Landau

levels



Combination of strain and electric Combination of strain and electric 

field: field: HaldaneHaldane insulator stateinsulator state
(T. Low, F. Guinea & MIK, 2011)

Without inversion center
combination of vector and

scalar potential leads to gap

opening

Wrinkles plus 
modulated scalar 

potential at different

angles to the wrinkilng
direction



Relativistic collapse for supercritical Relativistic collapse for supercritical 

chargescharges

Naive arguments: Radius of atom R, 

momentum ħ/R. Nonrelativistic case:
E(R) ~ ħ2 /mR2 – Ze2/R 

Minimum gives a size of atom.
Relativistic case: E(R) ~ ħc*/R – Ze2/R

Either no bound state or fall on the center.

Vacuum reconstruction at Z > 170

following Shytov, MIK & Levitov, PRL 99, 236801; 
246803 (2007)

Coulomb potential



Supercritical charges IISupercritical charges II

Superheavy
nuclei

Graphene: 
v  ≈ c/300,
αeff ≈ 1



Supercritical chargesSupercritical charges III

Klein tunneling

Quasi-local states

β = Ze2/ћvFε > ½



Supercritical charges IVSupercritical charges IV
Interference of scattered wave and wave  

described electron fall to the centre leads to 
oscillations of electron density

β = 0.6

Inset: 
oscillations 
for different
charges



Supercritical charge VSupercritical charge V



Vacuum polarization effect and screeningVacuum polarization effect and screening

Linear screening theory: constant dielectric 
function, screening charge focused at the 

coordinate origin (only first term)

Dimensional analysis: induced charge density in undoped graphene

n(r) = Aδ(r) + B/r2

If B is not zero: logarithmically divergent induces
charge and “nullification” of Coulomb potential –

predicted by Thomas –Fermi theory
MIK, PR B 74, 201401 (2006)



Screening IIScreening II

N = 4 (two valleys, two spins)

Large β: replacing the sum by an integral 
recover the Thomas-Fermi result

RG analysis: supercritical charge is screened to 
β = ½ with a finite screening radius (similar 
to black hole horizon)



Conclusions and final remarksConclusions and final remarks

� New type of transport in solids: 
quantum relativistic transport via 
evanscent waves

� Klein tunneling – a key phenomenon 
for graphene physics and 
applications

� Gauge fields are real mechanical 
fields, one can manipulate them

� Vacuum reconstruction? QED with 
strong interaction 
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