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Introduction

3d Ng-flavor Thirring model:

L=Vigy + Wiy, W2 =12, N

&
2N

N¢ = 2: effective model for

@ high-T. cuprate superconductors
[Herbut, PRL 94 (2005) 237001]

@ graphene
[Herbut, JuriZi¢, Roy, PRB 79 (2009) 146401]
TEM image of graphene
But also ...
... 3d Thirring model per se very interesting field theory! J
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Previous results

“Chiral” symmetry and/or parity symmetry spontaneously broken? J

e 1/N expansion: (WW) =0 X
[Kondo, NPB 450 (1995) 251]

@ Dyson-Schwinger equation: [Sugiura, PTP 97 (19979 311]
[Hong, Park, PRD 49 (1994) 5507]

0 # (W) ~ e FN) o Np < NET ~ 2,3.24,4.32, 00 ?
@ Monte-Carlo simulations: [Christofi, Hands, Strouthos, PRD 75 (2007) 101701]

NE ~ 6.6(1) ?

Universal value for Ng"?
e Power counting: (superficially) non-renormalizable

@ 1/Nf expansion: renormalizable at O(1/N), appears to hold to all
[Parisi, NPB 100 (1975) 368]
orders [Hands, PRD 51 (1995) 5816]

e Beyond 1/Ns expansion?
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“Chirality” in 3d: 4-component formalism

L=Uigu + & (Uiy w2 =12 N
2N

- . . Pisarski, PRD 20 (1984) 2423
e W, W: 4-spinors < 7,: 4x4 matrices [Appelqui[stlseatrsalf, PRD 33 glgsag 3704%

o 2 “fifth-y" matrices 74 & vs5: {74,7.} =0, {75,7.,} =0
@ For each flavor i =1,..., Nf: U(2) “chiral” symmetry

» 2 possible Ua(1) generated by 74,75: W +— e W, etc.

> 2 possible Uy (1) generated by 1,745 = ivays: Wi €15 W, etc.
o U(N) flavor rotations: W' +— UTW, etc.
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“Chirality” in 3d: 4-component formalism

L=Vigu + & (Uiy w2 =12 N
2N

J

- . . Pisarski, PRD 20 (1984) 2423
e W, W: 4-spinors < 7,: 4x4 matrices [Appelqui[stlseatrsalf, PRD 33 glgsag 3704%

o 2 “fifth-y" matrices 74 & vs5: {74,7.} =0, {75,7.,} =0
@ For each flavor i =1,..., Nf: U(2) “chiral” symmetry
» 2 possible Ua(1) generated by 74,75: W +— e W, etc.

> 2 possible Uy (1) generated by 1,745 = ivays: Wi €15 W, etc.

o U(N) flavor rotations: W' +— UTW, etc.
Symmetry of 3d massless Thirring model:
U(2N) generated by \; ® {1,~a, s, Va5 }

1,7va,75,745: generators of U(2)
A1,A2,. .., Ay2:  generators of U(Ns) (Ngx Nf Gell-Mann matrices)
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“Chiral” symmetry as part of flavor symmetry

U(2Ns) in 2-component formalism:

[ wi _ :7a a g Ta a\2
Y= S+ = L=l 0,97 + 2_IVf(¢ oup?)

where i =1,...,Nrand a=1,... 2Nf

o U(2N) symmetry manifest: 1? — U2PyP, etc.
= "Chiral” symmetry C flavor symmetry
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“Chiral” symmetry as part of flavor symmetry

U(2Ns) in 2-component formalism:

, i g
V= ) = L= ”vbaau L ° + ( 1/’3)2
¢I+Nf

where i =1,...,Nrand a=1,... 2Nf

o U(2Nf) symmetry manifest: 2 — UP)P, etc

= "Chiral” symmetry C flavor symmetry

Dynamical mass generation?

@ 4 possible mass terms: W, Uy U, UysW, WyssW, a5 == i747s

U(21V)

o Eg UyW 25 WU = generic mass term: r‘nX\T!\II—i—r‘np\T!fm_r,\U
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“Chiral” symmetry as part of flavor symmetry

U(2Ns) in 2-component formalism:

i ,L/)i a
wi = o =~ L= nbau,ﬂ,l)-l-g(

where i =1,...,Nrand a=1,... 2Nf

ouh?)?

o U(2Nf) symmetry manifest: 2 — UP)P, etc
= "Chiral” symmetry C flavor symmetry

Dynamical mass generation: ySB vs. PSB
o (WIWT) = (! — Moy 1)

p o< (WinasWi) = (igp’ i TNyt Ney = (1h24)2)

o iy #0 < UMW) — UN) @ U(Ng), PV

— Pisarski, PRD
@ mp ?é 0 U(2Nf) /, ﬁ [Appelqui[stls:trsalf, PRD gg 8828 g;gﬂl
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Functional Renormalization Group (FRG)
Effective action I

(¥, 9 = LWl il), Wi, 7] =log [ DIDE & S0 7848
A

|dea (Wilson):

Integrate momentum shell by momentum shell! J

Effective average action:

r[\TJ7 w] = rk[qja \U]
I'k=2 = Share
such that
Uv: rk:/\ = Sbare -
Th—o =T
IR : rk:() =T .o
09083010 /5



RG flow of effective average action I

Evolution for 'y:

0TV, V] =

[Wetterich, PLB 301 (1993) 90]
Ok Rk

1T o
[V, V] + Ry

52r
. (2) _ [ 5980
with [70 = | 5
sWow

52r

sWow

Non-perturbative expansion schemes:

M= / [Vi(W, §) + Z, (W, §) B(x)id¥(x) + O(6?)]

—r(°)+2/
+ Z/

Ox, 0y XX

(xl,X2 \TJ(Xl)OX\II(Xg)

X1,X2

F®(x, .. 0xa) U ) Ox W (x0) W (x3) Oy W(xg) + O(WO)

Ti=a = Share

7T -1
5(‘5"25;") = (Ff) + Rk> full propagator

v
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Computation procedure

FRG Feynman rules

Bi = kokgi ~ Z (non-perturbative) 1-loop diagrams
with
) _ o
Sv...o0

@ vertices: full vertices FE{" ~ g

-1
@ inner lines: full propagators (Ff) + Rk>

Remarks:
e Fully non-perturbative (“exact”)
o Perturbation theory: T, = S + Al %P 4+ O(h?)

1l 1 -1 1
S A T kR (504 R = 3 Tres (54 k)

1
N [l-loop _ S+ 5 Trlog 5(2) -+ const.
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Computation procedure

FRG Feynman rules
Bi = kokgi ~ Z (non-perturbative) 1-loop diagrams
with

. . n
o vertices: full vertices I'E(") = e g
SW--6W

-1
@ inner lines: full propagators (Ff) + Rk>

Example: 4-fermion 3 function (point-like limit, O¢¥9))

o N LN )
)

= recover RG-improved 1-loop 3 function
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© RG flow in point-like limit
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Classification of bilinear/4-fermi terms w.r.t. U(2Nf) @ P

@ Bilinears: B
» No mass terms: W, \Ilaff_5\ll
» First order in derivative: Wigw v



Classification of bilinear/4-fermi terms w.r.t. U(2Nf) @ P

@ Bilinears: B
» No mass terms: W, \Ilaffé\ll
» First order in derivative: Wigw v

o 4-fermi terms:
(@i%w:‘)z
(U5 W)
(WW)? — (UgW!)? — (WiysW)? + (Was W)
(ﬁlfvuwj)QJr(\Tfi%Wf)Q = (ViyaW)? = (Wi s W)

where (W/W/)2 = UiWWw etc.



Classification of bilinear/4-fermi terms w.r.t. U(2Nf) @ P

@ Bilinears: B
» No mass terms: W, \Ilaffé\ll
» First order in derivative: Wigw v

@ 4-fermi terms:
(Vi W)= (0, %)? v/
(W5 W)= (@Z) ¢3)2
(U2 — (Wl W2 — (Wil )2 4 (BlygsW)2= (p7b)2 v/
(U W24 (W ;g\w)z (Vs W) = (Wi s W)2 = (70,0°)? v/

where (W/W/)2 = UiWWw etc.



Classification of bilinear/4-fermi terms w.r.t. U(2Nf) @ P

@ Bilinears: B
» No mass terms: W, \Ilaffé\ll
» First order in derivative: Wigw v

@ 4-fermi terms: B .
(Ui, V2= (P20,97)2 v
(V5= (9 w"’f
(W2 — (Frg W2 — (FingW )2 4 (B0 2= (20b)2
(Wi W)+ (‘U’%\WY (Vinuya W)’ — (Vs W)= (D%, 0°) ¢/
where (U072 = W BIV, et
@ Fierz transform:
(P9°)? = —($20,97)? — (79°)?
(F°0,°)? = (F0,°) = 3(°°)?
Result: N¢ = 1: [Herbut et al., PRB 79 (2000) 146401]J

2 independent couplings: e.g. (Wi, W)2, (UiygsW)?




Simple truncation of effective average action

Tiai Bk o wina . 8k i iN2
r, = ZV'igw = (U~ ¥ = (V¥ |
K /X{ Vg +2Nf( Y, V') +2Nf( V45 )] J

[Gies, LJ, PRD 82 (2010) 085018]
N¢ = 1: [Herbut et al., PRB 79 (2009) 146401]

.
-

3

Ny = —kOklog Z =0

J

g, & : dim'less couplings
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Simple truncation of effective average action

Tiai o Bk o w2 . 8k i iN2
r, = ZV'igw = (U~ ¥ = (V¥ |
K /X[ Vg +2Nf( Y, V') +2Nf( V45 )] J

[Gies, LJ, PRD 82 (2010) 085018]
N¢ = 1: [Herbut et al., PRB 79 (2009) 146401]

4089 11 2N; + 1
kg = (d — 2 i S P 2
g = ( )g + — [QNfgng 6N g]
40 ToNe —1 3 1
ko, = _2~__1 ~2 Y . -2
Ok =(d=2)8 — — [ o & T anEE Nfg]

ny = —kOk log Z = 0

g, & : dim'less couplings

(F) 2/3 linear cut-off
/el -

1 sharp cut-off 0 05 10 15 20
a/ k

Lukas Janssen (FSU Jena) Quantum PT in 3d Thirring model 09/09/2011 14 / 31




Fermionic RG flow for Ny =1
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[Herbut, Juri¢i¢, Roy, PRB 79 (2009) 146401]

c.f.
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Fermionic RG flow for Ny =1

Fixed-point (FP) condition:

Bi(g") = kokgil,_g- =0

IIb IVa

I (g,8) R 0: free theories Wb

Ha

c.f. [Herbut, Juri¢i¢, Roy, PRB 79 (2009) 146401]
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Fermionic RG flow for Ny =1
Fixed-point (FP) condition:

Bi(g") = kOkgilg—g- =0

Illa

b

I: (&,8) R 0: free theories o

ITa: (g, g) (+oo 0)
> I",?t —> g(\U’Y45W)2
» (UnsW) #0 < PSBI

113)

c.f. [Herbut, Juri¢i¢, Roy, PRB 79 (2009) 146401]
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Fermionic RG flow for Ny =1
Fixed-point (FP) condition:

Bi(g") = kOkgilg—gr =0

Illa

IIb IVa

I: (g,8) R 0: free theories

Ila: (g,g) = (+00,0)
> Tt B (D5 0)2
» (UnsW) #0 < PSBI

1Ib: (g,g) R C- o0 B

— — P

> TRt (28 = B) (W v)? — g[(‘“"’) (PyaW)? — (U5 V)]
» IR |g| >4 x[2g— & ~ (VV)#£0 < SB!

Fierz

c.f. [Herbut, Juriti¢, Roy, PRB 79 (2009) 146401]
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Fermionic RG flow for N > 1

(a) FPs for Nf=1,..

[Gies, LJ, PRD 82 (2010) 085018]

.and separatrices:

(b) ..

., 10:

N;=10

10
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Fermionic RG flow for N > 1
[Gies, LJ, PRD 82 (2010) 085018]
(a) FPs for Nf=1,2,4,10,100: (b) ...and separatrices:

g J———

P ~ (2 = ),V — B(VW)2 — (FaW)? = (Vs W)

Small N

8] > 2¢ — &l :
(Uiwd) £ 0 < ySB
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Fermionic RG flow for N > 1
[Gies, LJ, PRD 82 (2010) 085018]
(a) FPs for Nf=1,2,4,10,100: (b) ...and separatrices:

9 T

o<
-5 N1

P ~ (2 = ),V — B(VW)2 — (FaW)? = (Vs W)

Small N Large N
18] > [2g — &l : 8] < |28 — &l :
(Wiwi) £ 0 < xSB V, o< Win, Wi = \SB
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Fermionic RG flow for N > 1
[Gies, LJ, PRD 82 (2010) 085018]
(a) FPs for Nf=1,2,4,10,100: (b) ...and separatrices:

9 T

P ~ (2 = ),V — B(VW)2 — (FaW)? = (Vs W)

Small N¢: Ne ~ O(7/4): Large N

8| > |2g — & &l ~2g—g: | &l <|2g—&l:
(Wiwi) £ 0 < xSB VW7 s Wiy, W7 |V, o Uiy, Wi = SB
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Comparison with MC/DSE studies \

® Spare ~ (\Tf'yulll)2 renormalizable?
» Nf — oo: FP C — “Thirring” axis g =0
> N < oo: (Ury5W)? generated by RG flow =<
> Ilb in attractive domain of C: 1 relevant coupl. =

® g ~ intersection separatrix BC / Thirring axis

/N FP values not universal!

10 Fr———
—— sharp cutoff
| .
13N . m | = linear cutoff
\ IR ™
\\‘\X R -
3 N - 8 ..m- MC [Hands, Lucini "99]
. 01 o \\\\ [Del Debbio, Hands '99]
~‘~-~\~\~ . [Christofi, Hands, Strouthos '07]
< -
| AN * o MC [kim, kim '96]
001 NN ~~ae
\‘ \\ ~“~~~~ - — DSE [Hong, Park '94]
~
\ \\ il T R DSE [Sugiura '97]
0001 L . 1, . . | |
0 1 2 3 4 5 6 === DSE [Kondo '05]
N¢
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Outline

@ RG flow for collective fields
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Thirring model in 2-component formalism
Investigate competition between . ..

scalar channel:

vs. vector channel:

(WY — (Tl bt o
Th v N2 UEADE
— (Vs W) + (Wyas W)
Using the 2-component formalism:
- P - -
Y= Y = i i+N,
it ’ (7’/} Y f)
scalar channel: vs. vector channel:
PPpPPPop? J (D?0,1)°)2

with a,b=1,2,...,2N;
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Hubbard-Stratonovich-Transformation
Partition function

Z[o] = / DYDp exp [— (@Z"’iwa + %&aw%bwa - % (ﬁaauwa)z)} J

f

Fierz transform:

g, = —28 >0, gv=8-8>0



Hubbard-Stratonovich-Transformation

Partition function

Z[0] = / DYDY exp [— (@Eai&wa + %zﬁawbzﬁbwa - % (1/730“1/13)2)} J
Multiply by:

1 :N/D¢ exp |:_; <ﬁ7¢¢3b + iri_:‘z;qzbwa> <r_n¢qbba + Ir:;quza¢b>:|

I 2
1 hy -
1:N/DV exp | =5 <ﬁ1VVu—qupaa“¢a) ]
v

Z[0] = N / DYDYD exp [— (&aiawa + %mgqsa%ba + %ﬁq%/ %

—hy Vul/_)a%lﬁa n i/_7¢1za¢ab¢b>]

h

if

2 > h2 _
¢ — 8¢ Jnd v — 8v
2[7135 2Ng 2!71%/ 2Ng



Effective action with collective fields

2y k
28

Vv, + B = (V) +%vuvu¢ab¢ba

Zy,
Mo = / [Z’d) kwa'f%’a ¢7 u¢ab8u¢ba +— V;w Viw + —F (au Vu)z

2
V

+ Uk(9) +

- /_7V,k V;ﬂza'}’uwa + if_7¢,k"7/_)a¢ab¢b

where V), = 9, V), — 0, V,, and the scalar potential

m2 . p+ M,02 + Xok7, SYM regime
Uk(¢)={ GRT T2 ’

R (p = po, k) + 5\2,;(7', SSB regime

with the U(2Nf) invariants

1 1 /1 1\?
pEEtr¢2 and TEEtI’<§¢2—;p>
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Effective action with collective fields: diagrammatically

Scalar potential:

Uy
Ui

¢ ¢
SYM regime SSB regime



Spontaneous symmetry breaking
Consider configurations with vev

. 1 0
Pok [ LN
W=y |
Flo —1p

Order parameters:

XSB; < '(Z'(Z} 121+Nf,¢)l+Nf>> ox ||m \/:(Thdn

2N;
%B:< ¢$>:

Procedure:
@ Initial couplings: close to “Thirring” FP with pgyy =0

@ Succesively integrate out fluctuations by lowering k

@ Switch to SSB regime once U}/(¢) ~ ﬁvé -0
e Continue RG flow until IR FP is reached / massive modes decouple

Eﬂz




Benefits & drawbacks of our bosonic formulation

v/ Benefits X Drawbacks
e Momentum-dependent @ Only 2 (out of 4) possible
4-fermi couplings condensation channels
B2 o Fierz ambiguity: results
g(q) ~ ZE+ e depend on distribution on

channels
[Jickel, Wetterich, PRD 68 (2003) 025020]
4

@ SSB may be explicitly

A

studied via (¢) #0
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Scalar mass spectrum

Mass matrix eigenvalue degeneracy
52U 8pUk + 2,007/(65 U 1
k
(8¢cd8¢ab) . apUk + Zpg’k 07 Uy 2Nf2 -1
¢=(9)
9, Uy 2N¢?
In SSB regime:
0o Ui =0
* 7 ory=o01.0)
Goldstone’s theorem
# massless modes = # broken symmetry generators J

breaking pattern:  U(2Nf) — U(Nf) @ U(Nf)
# generators: (2N;)? N N¢?

2N¢? broken generators 4
09/09/2011 25 /31



Beta functions (SYM regime)

ko Ui(p,7)  ~

LU PVaVAVVAVVAV, VY

kO ~
i
. .
K L==q - .
. s 4 N T h
Kk ~ oo + +
N y he
N
N ~
. N
he
[ ~
iy
kO ~

& flow of wave function renormalizations Zy «, Zy k. Zv «

= POSSlblllty to automatize: DoFun [Braun, Huber, arXiv:1102.5307]
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Preliminary results: Recover point-like limit

Point-like limit: Zy/v — 0

h2
—1 -1 . o/V
Mgy X ZqS/V — 00, hgyx Z¢/V — 0o with ot =

_ 8&p/v

2N = const.

Diagrammatically:

G

Fk—

Lukas Janssen (FSU Jena) Quantum PT in 3d Thirring model
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Preliminary results: RG flow in point-like limit

[Gies, LJ, work in progress]

Nj=10 ... not equivalent to
fermionic formulation
(Fierz ambiguity):

\\Q
, ‘)\\\

ey
'

NN
A\
#‘{\
hb

-~

S
\ I
g

=

R
AN
NN g

g -20

sl

T
(A

———
P
\
8

—

Z
({

7
—40 ///

[ 4

—-40 -30 -20 -10 0

=)
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Preliminary results: Thirring fixed point in point-like limit

[Gies, LJ, work in progress]

¥ 30 C§>4
g S
Ny Ny
N*g 15 !;_l>
= <
Ny Ny
Ne~1:m3; < mj 1<<Nf<<4:m§)~m%, Ne ~ 4 m3 > my,
V loops freeze out competition: V vs. ¢ ¢ loops freeze out
= (VW) #0 = (VW) =0
Lukas Janssen (FSU Jena) Quantum PT in 3d Thirring model
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To-do list

...in order to make a statement about N¢":
@ Find “Thirring” fixed point beyond point-like limit:
» Embed fi(gj) = 0 into class §; ~(gj) = 0 such that
* « — 0: point-like limit
* a— L Bia-1(g) = Gi(g) —

» Continue point-like solution 8 oo tO full solution & =1 )

@ Integrate out RG flow
» Start in the vicinity of “Thirring” fixed point
» Compute chiral condensate (WW)  ,/po,r as function of N

Example (FP in scalar-fermion sector):

0.035
0.030 1012}
0.025
o108
0.020 A
o
0.015 4
10%)
\
0.010
1
0.005
SR . 104
-30 -20 -10 0 -50 -40 -30 -20 -10 0
RG time ¢ RG time ¢
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Conclusions

RG flow in point-like limit:
@ Full basis of fermionic 4-point functions
@ Non-perturbative renormalizability?
» 2d coupling plane ~ e.g. (W, V)2, (WysV)2
» Justification for MC/DSE studies with
5bare ~ g(\T}’YMW)z ===
@ Mechanism for Nf": competing condensation channels

RG flow for collective fields:

@ Point-like limit shows competition: ¢ vs. V =
@ “Full” Thirring FP to be found |

z
N mv"Z N -

Ny
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Conclusions

RG flow in point-like limit:
@ Full basis of fermionic 4-point functions
@ Non-perturbative renormalizability?
» 2d coupling plane ~ e.g. (W, V)2, (WysV)2
» Justification for MC/DSE studies with
SbareNg(u_}’Yuw)z ===
@ Mechanism for Nf": competing condensation channels

RG flow for collective fields: :
@ Point-like limit shows competition: ¢ vs. V =
@ “Full” Thirring FP to be found |

z
myet

Outlook: N
@ Remove Fierz ambiguity: rebosonization

e Implications for graphene/cuprates (Nf = 2)?
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