
The electron-electron interaction in graphene

Outline
 Interactions and screening in single layer graphene
 Renormalization, experiments and theory
 Interactions in bilayer graphene and other allotropes
 Edge states and the topology of the Brillouin Zone
 Magnetism at edges and defects

A. Castro-Neto (Boston U.), N. M. R. Peres (U. Minho, Portugal), E. V. Castro, J. dos Santos (Porto), J. Nilsson (Boston U, Göteborg.), A. 
Morpurgo (Delft), M. I. Katsnelson (Nijmegen), D. Huertas-Hernando (Trondheim, Norway), D. P. Arovas, M. M. Fogler (U. C. San Diego), J.
González, F. G., G. León, M. P. López-Sancho, T. Stauber, J . A. Vergés, M. A. H. Vozmediano, B Wunsch (CSIC, Madrid), A. K. Geim, K. S. 
Novoselov (U. Manchester), A. Lanzara (U. C. Berkeley), M. Hentschel (Dresden), E. Prada, P. San-José (Karlsruhe, Lancaster), J. L. Mañes
(U. País Vasco, Spain), F. Sols (U. Complutense, Madrid), E. Louis (U. Alicante, Spain), A. L. Vázquez de Parga, R. Miranda, M. M. Ugeda, I. 
Brihuega, J. M. Gómez-Rodríguez (U. Autónoma, Madrid), B. Horovitz (Beersheva), P. Le Doussal (ENS, Paris), A. K. Savchenko (Exeter), F. 
von Oppen (Berlin), A. Akhmerov (Leyden), M. Wimmer (Regensburg, Leyden), T. Low (Purdue), V. Parente, A. Tagliacozzo (Naples), D.  
Rainis, F. Taddei, M. Polini (Pisa), V. I. Fal’ko (Lancaster), M. F. Crommie (UC Berkeley), P. Haase, Th Pruschke,..S. Fuchs (Göttingen), Hj.
Gao (Beijing), R. Asgari (Tehran)

D. C. Elias,  R. V. Gorbachev, A. S.. Mayorov, S. V. Mozorov, A. A. Zhukov, P. Blake, K. S. Novoselov, A. K. 
Geim, F. G., arXiv1104.1396, Nature Phys., in press (expts+theory)
M. M. Ugeda, I. Brihuega, F. G., J. M. Gómez-Rodríguez, Phys. Rev. Lett. 104, 096804 (2010) (expts+theory)
P. Haase, S. Fuchs, Th. Pruschke, H. Ochoa, F. G, Phys. Rev. B 83, 241408 (2011) (theory), 
V. Kotov, B. Uchoa, V. M. Pereira, A. H. Castro Neto, F. G., arXiv:1012.3484, Rev. Mod. Phys., in press

Quantum Fiend Theory
aspects of Condensed
Matter Theory
Frascati, Sept. 6-9, 2011



The Dirac equation
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No metallic screening.
Logarithmic divergences, as in QED

Graphene is a semimetal
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Electron-electron interactions
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The coupling constant in graphene.
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The lattice constant of a solid is determined by the balance 
between the kinetic and potential energies

The “fine estructure constant” in solids is always of order unity.



Screening in graphene
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V. N. Kotov, B. Uchoa, A. H. Castro Neto, Phys. 
Rev. B 80, 165424 (2009)

M. M. Fogler, M. I. Katsnelson, M. Polini, A. 
Principi, F. G., unpublished



Measurements of α
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Renormalization
Marginal Fermi liquid behavior in graphene
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Logarithmic scaling: 
A. A. Abrikosov, and D. Benelavski, Soviet, Physics, JETP  32. 699 (1970).
RG and 1/N expansion: J. González, F. G., M. A. H. Vozmediano, Nucl. Phys. 
B 424, 595 (1994), Phys. Rev. B 59, R2974 (1999),
Quasiparticle lifetime: J. González, F. G., M. A. H. Vozmediano,  Phys. Rev. 
Lett. 77, 3586 (1996).
See also M. S. Foster, I. L. Aleiner, Phys. Rev. B 77, 195413 (2008), 
V. N. Kotov, B. Uchoa, V. M. Pereira, A. H. Castro Neto, F. G. 
arXiv:1012.3484, Rev. Mod. Phys., in press. 

( ) =Σ ω,kHF

( ) =Σ ω,kRPA

The Fermi velocity increases at low energies
Graphene becomes more insulator-like

The lifetime of quasiparticles
increases is proportional to the
energy



Excitonic transition?
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Stoner criterium



Some early experiments

C. L. Kane and E. J. Mele, Phys. Rev. Lett. 93, 
197402 (2004)

The dependence of gaps on
nanotube radii can be written in terms
of 1/R and log(R) contributions.

S. Y. Zhou, G.-H. Gweon, J. Graf, A. V. Fedorov, C. 
D. Spataru, R. D. Diehl, Y. Kopelevich, D.-H. Lee, 
Steven  G. Louie and A. Lanzara, Nature Phys. 2, 
595 (2006)

The quasiparticle lifetime increases
linearly with energy.



Nature Physics 4, 532 - 535 (2008) 
Published online: 8 June 2008 | doi:10.1038/nphys989

Recent experiments



Suspended 
samples. 
Very high
mobility
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Measurements of the effective mass

Fits to Renormalization Group
calculations
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arXiv:1104.2551

Other recent measurements

David A. Siegel, Cheol-Hwan Park, Choongyu Hwang, Jack Deslippe, Alexei V. 
Fedorov, Steven G. Louie, and Alessandra Lanzara, PNAS 108, 11365 (2011)



Bilayer graphene

Broken time reversal symmetry.
Ground state similar to the Integer Quantum Hall Effect

Magnetic ground state

Nematic ground state

Divergent susceptibilities. Couplings become energy dependent .
F. G., Physics 3, 1 (2010)
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Interactions and disorder
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Density of
states

Science 329, 544 (2010)

Strains induce resonances



Edge states in graphene



A. R. Akhmerov and C. W. J. Beenakker, Phys. Rev. B 77, 085423 (2008)

See also:
M. V. Berry and R. J. Mondragon, Proc. R. Soc. London Ser. A 412, 53  

(1987), 
E. McCann and V. I. Fal’ko, J. Phys.: Condens. Matter 16, 2371, (2004), 
L. Brey and H. A. Fertig Phys. Rev. B 73, 235411 (2006)

Boundary conditions at edges

From A. R. Akhmerov and C. W. J. Beenakker, Phys. Rev. B 77, 085423 (2008)



When electron kiss. L. Balents, 
Physics (2011)

Edge states, topological aspects

( ) 








+
+

≡
−

−

0
0

22

22

φφ

φφ

λ
λ

φ ii
F

ii
F

ekkev
ekkev

H

2D analog, D. P. Arovas, F. G., unpublished



Kagomé lattice

σ bands of graphene

K K’

Γ

Edge states, examples



Surface states, graphite

Bernal graphite
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Rhombohedral graphite
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Graphite has surface bands near the Fermi energy



Edge states in graphene



Magnetization at edges Mean field

Beyond mean field theory



Vacancies

TheoryExperiments



Proton irradiated graphite

See also J. Cervenka, M. I. Katsnelson, C. F.. J. Flipse, Nature Phys. 5, 840 (2009)
M. Sepioni, R. R. Nair, S. Rablen, J. Narayanan, F. Tuna, R. Winpenny, A. K. Geim, 
and I. V. Grigorieva, Phys. Rev. Lett. 105, 207205 (2010) 



Local moments near vacancies: 
beyond the mean field approximation

P.  Haase, S. Fuchs, Th. Pruschke, H. Ochoa, F. G., Phys. Rev. B 83, 241408 (2011) 

The width of the resonance decreasses as the
interaction increases

Curie like susceptibility

Dynamical Mean Field Theory
Hubbard interactions

Physical features not captured
by mean field analyses:
 Magnetic fluctuations
 Kondo effect



k

vac

Ψ
Ψ

 A local moment is formed near a 
vacancy
 The moment is not quenched at low
temperatures
The coupling between the moment and 
the conduction electrons is possibly
ferromagnetic
 Non local interactions enhance the
formation of a moment

Local moments near vacancies: 
beyond the mean field approximation



 Interactions are not negligible in 
graphene

 Single layer graphene is a marginal 
Fermi liquid. 

 Interactions in multilayered
graphene can lead to novel broken
symmetries

 The existence of edge states can be
derived from topological arguments

 Magnetic moments are likely to be
formed near edges and vacancies.

 Unusual Kondo effect, 
ferromagnetic and multichannel.
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