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long term goal:
structure of the nucleon in terms of its constituents
(quarks and gluons)

information on the internal structure of the nucleon
from, e.g., lepton-nucleon scattering experiments

electromagnetic form factors (FFs)

N
generalised parton distributions (GPDs)
/ T
structure functions (parton densities) lattice calculations required!

further results from other groups: LHPC, SESAM, . ..



form factor parton density GPDat& =0

p(0y) f(x)

pictures by Dieter Miuller probabilistic interpretation in impact
parameter space (V. Burkardt)

expect: f(z, b)) =l 5(b1)



Formal definition of GPDs

dA iz

e (p'|G(=iAn)t Ug(iAn)|p)

= Hy(z, &, t)u(p)ru(p) + Eq(z, &, t)a(p')

: 1%
ichn, A,

SMn u(p)

p=32( +p) A=p —p, n: lightlike vector with p - n =1
GPDs depend on z, £ = —n - A/2, t = A*

normal parton distributions: A = 0 = &=0



for a lattice calculation: matrix elements of local operators
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(- - - ): symmetrisation and subtraction of trace terms
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n_l — — — — «—
twist-2 operators: O = (—) qY(uy Pus -+ - Dyun)q with D =D — D
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A, B, C': generalised form factors (GFFs) «» moments of GPDs

ﬂ(p/)iAaaaMu(p)
2M N

n = 1. (p'|gvualp) = a(®)vuu(p)Al o (t) — BY ()

hence: AYo(t) = F(t) , BIy(t) = Fi(t)

particularly convenient for a lattice calculation: flavour non-singlet (isovector) operators



Calculating nucleon matrix elements on the lattice

interpolating field for the proton

Bo(t,5) = Y e TTepul(x)ul(x)(C ys) g, di (2)
T, xq=t

Bo(t, ) = Y ePeindy(2)(15C) sy 0 (x) U ()
T, xq=t

On a lattice with time extent 1" we have for the nucleon 2-point function:

(B(t)B(0)) ' = (0|Be "' B|0) "=° (0| B|N)e PNY(N|B|0) + - - -

3-point function with ¢ > 7 > 0:  (B(t)O(7)B(0)) = (O|Be_H(t_T)Oe_HTB|O>

— (0|B|N)e “NU"T(N|O|N)Ye N (N|B|0) + - - -

— (0| B|N)e “NY(N|B|0)(N|O|N) + - - -

(B(t)O(1)B(0))

(B()B(0)) (N|O|N) + - --

ratio (for forward matrix elements) R =

should be independent of 7, t for 0 K 7 K ¢t



proton 3-point function of a local operator 1) - - - 1) schematically:
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(quark-line) disconnected contribution drops out in non-singlet quantities (for exact isospin invariance)



The simulations

non-perturbatively O(a)-improved Wilson (clover) fermions

Ny = 2 dynamical configurations

3 sink momenta p’: (0, 0, 0), (1, 0, 0), (0, 1, 0)

16 non-zero momentum transfers

three polarisations: T = 1(1 + ~4), Ty = 3(1 + ~v4)iysy1, T2 = 3(1 + v4)ivs2
renormalisation: non-perturbatively

scale set by rg = 0.467 fm

ro is a length scale derived from the heavy-quark potential V (R):

2 dV(R)
dR R=r(

= 1.65




lattice spacing
length of the spatial box

I6; K Size m[GeV]
5.20 | 0.13420 | 16° x 32 | 1.007(17)
5.20 | 0.13500 | 16° x 32 | 0.833(8)
5.20 | 0.13550 | 16° x 32 | 0.619(7)
5.25 | 0.13460 | 16° x 32 | 0.987(11)
5.25 | 0.13520 | 16° x 32 | 0.830(9)
5.25 | 0.13575 | 24° x 48 | 0.597(4)
5.20 | 0.13400 | 16° x 32 | 1.173(20)
5.29 | 0.13500 | 16° x 32 | 0.929(13)
5.29 | 0.13550 | 24° x 48 | 0.769(9)
5.29 | 0.13590 | 24° x 48 | 0.596(10)
5.40 | 0.13500 | 24° x 48 | 1.037(11)
5.40 | 0.13560 | 24° x 48 | 0.842(7)
5.40 | 0.13610 | 24° x 48 | 0.626(6)

a=0.07—0.11fm
L =1.4—2.0fm

analysis still preliminary!



Results for generalised form factors

GFFs AY % = Fr=%(t), A4 9, AY-? (non-singlet), normalised to unity at ¢ = 0 (dipole fits)

dipole fit:

AnO(t) _ AnO(O)

(1—t/M2)’

form factor A,o(t) flattens as n grows

0.0 - n
I I I I I I
0.0 0.5 1.0 1.5 2.0 2.0
—t [GeV?]

1

/1d:c " Hy(x, € =0,t) = A? () H, (as a function of t) becomes wider as = grows
> d°AL 5, & X2 g (as a function of b, ) becomes narrower as

q(z,b) = e - "1 H,(x,0, —A7

(27)2 grows (as expected)



common expectation:

experiment:

perturbative QCD + ... ™

()? dependence of I} and F5

1 1 2F2
Fixc—, Fh x — = (Q°— o const.
Q* Q° F

F
\/Q2F2 o< const.
1

Q’ s
In*(Q2/A?) Fy

X const.

for the proton



m,. ~ 600 MeV
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1/+/@Q? behaviour suggested by experimental data



m,. ~ 600 MeV
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Belitsky et al.: In*(Q?/A?)/Q? behaviour asymptotically



Ay
(14 Q%/M?p)?
Ay

dipole ansatz for Fi: Fl(Q2) =

tripole ansatz for Fy: Fg(Q2) =

(14 Q?/M3)3

14

B =5.25 k = 0.13575
V = 24° x 48, m.. ~ 600 MeV

Isovector channel



F dipole masses:

O p=5.20

B (] ﬂf5.25

T e
0.0 0.3 0.6 0.9 1.2 15

m_[GeV]

discretisation errors apparently small
chiral extrapolation linear in m;



F5 tripole masses:

O p=5.20

B (] ﬂf5.25

T e
0.0 0.3 0.6 0.9 1.2 15

m_[GeV]

chiral extrapolation linear in m;



F5(0) from tripole ansatz:

1r O p=5.20

O p=5.25

i A [=5.29

0 | | | | | | | | $ p=5.40
0.0 0.3 0.6 0.9 1.2 1.5

m_[GeV]

chiral extrapolation linear in m;
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Chiral effective field theory

wanted: guidance for chiral extrapolation — contact with chiral effective field theory (ChEFT)?

ChEFT has problems with large quark masses (pion masses)
large values of Q* (Q* > 0.4 GeV?)

|

experimental data

direct comparison with ChEFT expressions for the form factors questionable
— compare data for radii (dipole masses) and the magnetic moment

iIsovector channel: no disconnected contributions!

more specifically: small scale expansion SSE (ChEFT with explicit nucleon and A degrees of freedom)
V. Bernard, H.W. Fearing, T.R. Hemmert, U.-G. MeiBner, Nucl. Phys. A635 (1998) 121
T.R. Hemmert, W. Weise, Eur. Phys. J. A15 (2002) 487

1
radii 71, 75 defined by Fi(Q%) = Fy(0) |1 — = r’Q% + 0(QY

6
12 18
related to the (di, tri)pole masses My, M> frf = —, TS = —
M3 M;



SSE for the (square of the) isovector Dirac radius:

(r)
vy 2 2 2 My 12B;45 ()
— 147 (10 2) log |~ |\ —
)= T lrE ) { AT (Ra =) e [ X ] } (4 Fy)?
y A
+—A4 _Jo6 4 30log [%] + 30 log R
5472 F? A VA2 —m2
A A?
R=—+4+,/——1
m, m2
Parameter Empirical value used in plot
ga axial coupling of the nucleon  1.267 1.2
caA leading axial N A coupling 1.1-1.5 1.4
F, pion decay constant 0.0924 GeV 0.0924 GeV
A A-nucleon mass splitting 0.2711 GeV 0.2711 GeV

B%)(A): counterterm at renormalisation scale A

B%)(6OO MeV) = 0.6 reproduces approximately the phenomenological value of r7
— negative core contribution to (ri’)2

O(e*) SSE formula not accurate enough?
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no fit!
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SSE for the (square of the) isovector Pauli radius:

2 2
M cyM
(7“;)2 = 5 JATN + AN log R
8F2Kky(my)mmy, 9F7%/<;v(m7r)7r2\/A2 — m2
Ko(MPY®) = K, (140 MeV) = 3.71 M = nucleon mass = 0.9389 GeV

SSE: Kk, shows a rather strong m ., dependence

2 2 2
0 gamzmMy = 2c3AMy mz [mW]
oy = KO — 1 — T log R + log | oo~
v amEz | omiER Az 0878 oA

ZJLCACVQA]\4]\[77?,3r 1 [2A] 4CACVgAMNm73T
O
Om2F 2 & 27T F2A

3/2
SCACVQAA2MN 1 77?,72r / e R4 (1 377172r 1 [mﬂ]
27T T2 F2 A? . oAz | % |2A

0

additional parameters: K, isovector anomalous magnetic moment in the chiral limit

cy leading isovector N A coupling
E”(N\)  counterterm

— 8E" (N Mym?2 +




How to compare with the lattice data?

Note: k, is the anomalous magnetic moment in units of the nuclear magneton

: . . € .
dimensionful anomalous magnetic moment: K,—— / nucleon mass for the quark mass considered
N

SSE relation refers to the nuclear magneton calculated with M}[\}hys

e e MMy
— compare “normalised” k2% with SSE: Kk, — = Ky = kO = g,
2MKEY 2MnN My

combined fit of (15)*(m,) and k,(m,) of all data with m, < 1 GeV

JgA 1.2* fixed

CcA 1.4 fixed

F, 0.0924 GeV  fixed

M 0.9389 GeV  fixed

A 0.2711 GeV  fixed

Ko fitted  5.7(3)

cy fitted —1.7(2) GeV~!

E{"(0.6 GeV) fitted —4.7(4)GeV 3
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G./G,y, for the proton

1
consider the flavour combination QU §d (electromagnetic current in the proton)

dipole (tripole) fits of Fy (F%)
naive chiral extrapolation of M7, F5(0) and M
reconstruct F4, F5 in the chiral limit from these extrapolated values

compute G, and G,, from
2
q 2
I
Gy )
Gm(q") = Fi(q") + Fa(q”)

Ge(q”) = Fi(a") +
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compared with JLAB data
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for

Summary and outlook

GPDs have attracted a lot of interest recently.

QCDSF-UKQCD compute matrix elements which allow to evaluate moments of GPDs
The data reveal the expected “shrinking” of the nucleon for x — 1.

Special case of GPDs: (electromagnetic) form factors

Dipole (tripole) fits describe the @Q? dependence of the form factors.

Naive chiral extrapolation surprisingly successful

Comparison with ChEFT difficult at present

— combined fit of k,(m) and the Pauli radius r3(m)
compatible both with the lattice data and with phenomenology
— Dirac radius 7 (m ) problematic

the future:

Simulations on larger lattices
for smaller momenta in the (generalised) form factors

Simulations for smaller quark masses (overlap fermions?)
to make the chiral extrapolation more reliable

More trustworthy fits with expressions from ChEFT

27



