
SPARC-FEL-12/001Revised Mar
h 20, 2012Fo
using properties of SPARC undulatorM. Quattromini, M. Artioli, E. Di Palma, L. Giannessi and A. PetraliaC.R.E. ENEA-Fras
ati, Via E. Fermi 45, 00044 Fras
ati (Rome) ItalyIn this note the fo
using properties of magneti
 undulators are addressed, with parti
ular em-phasis to SPARC-type undulators, i.e. linear devi
es weakly defo
using in the horizontal (wiggling)plane and strongly fo
using in the verti
al plane. The beam traje
tory will be derived in detailto di�erent approximation levels. Some subtleties will be dis
ussed aiming at obtaining a matrixexpression suitable for 
ustomary beam opti
s and mat
hing. The purpose of this note is to 
lar-ify the theoreti
al framework ne
essary for the deployment of a numeri
al 
ode added to SPARCControl System as a tool to be used at runtime. In parti
ular, a 
onsiderable analyti
al e�ort hasbeen devoted to the problem of identifying the 
onditions that ensure the existen
e of the ele
tronbeam eigenstates in the undulator latti
e for a given working set of e-beam energy and resonantwavelength.I. INDUCTION FIELD FOR PURE PERMANENT MAGNET LINEARUNDULATORS.It 
an be shown that magneti
 �eld for a pure permanent magnet undulator 
an be derivedfrom a magnetostati
 potential:
−→
B = −−→∇ΦM (1)Eq. (1) follows from the fa
t that, in absen
e of 
urrents (−→J = 0), the Ampère law reads:
−→∇ ×−→

B = 0 (2)Pro
eeding in a fairly axiomati
 fashion (literature abounds of textbooks and monographs wherethis topi
 is dis
ussed in detail), for the magneti
 potential ΦM the following expression will be
onsidered:
ΦM = −B0

ky
cos (kxx) sinh (kyy) sin (kuz) (3)Magneto-stati
 potential (3) is only one of several possible forms that give rise to a magneti
 �eldwhi
h is i) periodi
 (sinusoidal) in the longitudinal (z) dire
tion; ii) mainly oriented along one ofthe two transverse dire
tions (y) and iii) essentially de
oupled along the other (x). The form (3)impli
itly re�e
ts some pe
uliar properties of SPARC undulators, namely that of being slightlydefo
using in the horizontal (wiggling) plane, and strongly fo
using in the verti
al (main �eld)dire
tion. Other expressions are possible, re�e
ting di�erent fo
using properties of undulators(e.g. undulators fo
using in both dire
tions, or with di�erent polarizations). Eq. (1) implies thefollowing expressions of �eld's 
omponents:

Bx (x, y, z) = −kx
ky

B0 sin (kxx) sinh (kyy) sin (kuz)

By (x, y, z) = B0 cos (kxx) cosh (kyy) sin (kuz)

Bz (x, y, z) =
ku
ky

B0 cos (kxx) sinh (kyy) cos (kuz)

(4)



2The 
ondition of magneti
 �eld to be solenoidal
−→∇ · −→B = ∇2ΦM = 0translates for (4) to:

k2y − k2x = k2uOn axis (x, y ≈ 0)
Bx (x, y, z) ≈ −B0k

2
xx y sin (kuz)

By (x, y, z) ≈ B0

(
1− k2xx

2

2

)(
1 +

k2yy
2

2

)
sin (kuz)

Bz (x, y, z) ≈ B0kuy

(
1− k2xx

2

2

)
cos (kuz)To se
ond order �eld 
omponents redu
e to

Bx (x, y, z) ≈ −B0 k
2
x x y sin (kuz)

By (x, y, z) ≈ B0

(
1− k2xx

2

2
+

k2yy
2

2

)
sin (kuz)

Bz (x, y, z) ≈ B0 ku y cos (kuz)whi
h 
an be further manipulated to read
Bx (x, y, z) ≈ −B0 δ

k2u
2

x y sin (kuz)

By (x, y, z) ≈ B0

{
1 +

k2u
4

[
−δx2 + (2 + δ) y2

]}
sin (kuz)

Bz (x, y, z) ≈ B0 ku y cos (kuz)

(5)where
δ = 2

k2x
k2u

(6)The value of δ de�ned in eq. (6) has been 
al
ulated as a fun
tion of the gap for an idealizedSPARC undulator se
tion (�g. (1)) modeled with RADIA[1�3℄. The results are shown in �g. (1)along with a �t to a straight line:
δ (g) = a+ b · g a ≈ −9.11 · 10−3 b ≈ 1.18 · 10−3mm−1 (7)

II. TRAJECTORY OF A RELATIVISTIC ELECTRON IN A PPM UNDULATORIn this se
tion some basi
 results will be re-derived[4℄ about the dynami
s of an ele
tron beamin the �eld of a magneti
 undulator. A referen
e frame oriented as shown in �g. (1) will beused throughout this report, so that the the main 
omponent of the �eld is dire
ted along the
y axis, while ele
tron beam propagates along the +z axis. In �rst instan
e, the motion in thehorizontal (that is, x − z) plane will be dis
ussed, all �eld's 
omponents will be negle
ted but
By and By = B0 sin (kuz) will be assumed. It follows that:

d−→p
dt

= γmc
d
−→
β

dt
= e−→v ×−→

B = ec
−→
β ×−→

B = −ecBy (βzûx − βxûz)
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Figure 1The RADIA model of SPARC undulator. Right: parameter δ as de�ned in (6) as a fun
tion of the gap.where e is the ele
tron's 
harge and it has been impli
itly assumed that the parti
le energy isleft un
hanged (γ̇ = 0) by the intera
tion with a pure magneti
 �eld. The transverse for
e a
tingupon an ele
tron is then purely horizontal and given by
dβx

dt
≈ − e

γm
ByβzSin
e βx ≪ βz ≈ 1 one 
an assume no longitudinal a

eleration:

dβz

dt
≈ e

γm
βxBy ≈ 0so that

βzc dt ≈ dz (8)and
dβx

dz
≈ − e

γmc
By (9)Note that

βx =
1

c

dx

dt
= βz

dx

dzimplying that
d2x

dz2
≈ − e

γβzmc
By (10)Dire
t integration yields

dx

dz
≡ x′ (z) = x′ (0)− e

γβzmc

∫ z

0

By (ζ) dζ (11)A further integration yields:
x (z) = x (0) + x′ (0) z − e

γβzmc

∫ z

0

∫ ζ2

0

By (ζ1) dζ1dζ2 (12)Sin
e By (ζ) = B0 sin (kuζ) then
∫ z

0

∫ ζ2

0

By (ζ1) dζ1dζ2 =

∫ z

0

B0
1− cos (kuζ)

ku
dζ2

= B0
kuz − sin (kuz)

k2u



4and the expression of horizontal vs longitudinal position reads
x (z) = x (0) + x′ (0) z − e

γβzmc
B0

kuz − sin (kuz)

k2u
(13)The requirement that the traje
tory wiggles around the entran
e position, i.e.

x (λu) = x (0) (14)implies (observe that kuλu = 2π)
x′ (0)λu −

eB0

γβzmc

2π

k2u
= 0that is

x′ (0) =
eB0

γβzmcku
=

1

γβz

eB0λu

2πmcSin
e the K (peak) parameter for a linear undulator is by de�nition
K = −eB0λu

2πmc
(15)(note that ele
tron 
harge is negative) it follows

x′ (0) = − K

γβz
≈ −K

γThe referen
e traje
tory is then
x (z) = x (0) +

e

γβzmc
B0

sin (kuz)

k2u

= x (0) +
eB0λu

2πγβzmc

sin (kuz)

ku

= x (0)− K

γβz

sin (kuz)

ku
≈ x (0)− K

γ

sin (kuz)

ku

(16)
Eq. (16) de�nes the horizontal referen
e traje
tory for a parti
le entering the undulator on axis(x (0) = 0), negle
ting o� axis 
orre
tions in �eld expression (4) or (5):

xr (z) = −K

γ

sin (kuz)

ku
= −λu

2π

K

γ
sin (kuz) (17)The traje
tory of an ele
tron traveling o� the referen
e orbit by an amount xδ (z) reads obviously

x (z) = xr (z) + xδ (z) (18)Horizontal a

eleration (10) 
an be modi�ed by introdu
ing 
orre
ted �eld By a

ording to (5)(with y = 0)
d2x

dz2
=

d2xr

dz2
+

d2xδ

dz2
= − e

γβzmc
B0

y (z)

{
1− k2u

4
δ [xr (z) + xδ (z)]

2

} (19)where B0
y (z) ≡ By (x = y = 0, z). On the other hand

d2xr

dz2
= − e

γβzmc
By (z) = − e

γβzmc
B0

y (z)

[
1− k2u

4
δx2

r (z)

]The approximation
[xr (z) + xδ (z)]

2 ≈ x2
r (z) + 2xr (z)xδ (z)



5yields �nally
d2xδ

dz2
=

e

γβzmc
B0

y (z)
k2u
2
δxr (z)xδ (z)

= − 1

γ2βz

eB0λu

2πmc
sin2 (kuz)

k2u
2
δK xδ (z)

=
δ

2γ2βz
K2k2u sin

2 (kuz)xδ (z)

≈ δ

2γ2
K2k2u sin

2 (kuz)xδ (z)

(20)
(where for xr (z) the approximation (17) has been used). Averaging over a period the sin2 (kuz)term yields a fa
tor 1/2:

〈
d2xδ

dz2

〉
≈ δ

4γ2
K2k2uxδ (z)that is

〈
d2xδ

dz2

〉
≈ δ

(
πK

γλu

)2

xδ (z) (21)A similar 
al
ulation 
an be performed to obtain the governing equation for y. Observe �rst that
dβy

dt
≈ e

γm
(βzBx − βxBz) (22)that is, by virtue of (8)

dβy

dz
≈ e

γmc

(
Bx −

βx

βz
Bz

)
=

e

γmc

(
Bx −

dx

dz
Bz

) (23)i.e.
d2y

dz2
≈ e

γβzmc

(
Bx −

dx

dz
Bz

) (24)Sin
e the referen
e traje
tory is merely y = y′ = 0, eq. (24) de�nes dire
tly the �error� equation:
yδ ≈ y (25)Substitution of �eld's 
omponents from eq. (5) yields

d2yδ
dz2

≈ eB0ku
γβzmc

[
−δ

ku
2
x (z) sin (kuz)−

dx

dz
cos (kuz)

]
yδ (z) (26)In previous result one 
an put safely x (z) ≡ xr (z) and dx

dz ≡ dxr

dz . Insertion of (17) and itsderivative
dxr

dz
= −K

γ
cos (kuz)yields

d2yδ
dz2

≈ eB0ku
γβzmc

[
δ

2

K

γ
sin2 (kuz) +

K

γ
cos2 (kuz)

]
yδ (z)

=
1

2

eB0ku
γ2βzmc

K
[
δsin2 (kuz) + 2 cos2 (kuz)

]
yδ (z)

= − k2uK
2

2γ2βz

[
δsin2 (kuz) + 2 cos2 (kuz)

]
yδ (z)

(27)



6Average on an undulator period (λu) gives the result
〈
d2yδ
dz2

〉
≈ − k2uK

2

4γ2βz
[2 + δ] yδ (z)

= − 1

βz

(
πK

γλu

)2

[2 + δ] yδ (z)whi
h 
an be approximated (for βz ≈ 1) to
〈
d2yδ
dz2

〉
≈ -[2 + δ]

(
πK

γλu

)2

yδ (z) (28)Eqs. (21) and (28) state that transverse motion is subje
t to a linear defo
using (x) or fo
using
(y) for
e, with a mu
h stronger 
oupling in verti
al than horizontal dire
tion. It should bestressed that this analysis refers to �errors� with respe
t to referen
e orbit. On a global respe
t,motion 
an be des
ribed - quite expe
tedly - as a sequen
e of alternate dipoles. The linear mapsdes
ribing the e�e
t of the undulator are



x

x
′


 =




cosh
√
κxz

sinh
√
κxz√

κx

√
κx sinh

√
κxz cosh

√
κxz







x0

x
′

0


 κx = δ

(
πK

γλu

)2




y

y
′


 =




cos
√
κyz

sin
√
κyz√
κy

−√
κy sin

√
κyz cos

√
κyz







y0

y
′

0


 κy = (2 + δ)

(
πK

γλu

)2

≈ 2

(
πK

γλu

)2(29)III. MATCHING CONDITIONS IN THE SPARC UNDULATOR.The layout of SPARC experiment, downward the three TW a

elerating se
tions, is shownin �g. (2). In tables (I) and (II)[5℄ are resumed the positions, sizes and main features of therelevant devi
es. The 
oe�
ients c1 e c2 are the results of a �t to the following parametrizationof undulator's strength[6℄:
K (g) = c1 · exp (−c2 · g) (30)

U 1 U 2 U 3 U 4 U 5 U 6

S 1

Q 1

Q 2

Q 3

S 2

Q 4

Q 5

Q 6

S 3

Q 7 Q 8 Q 9 Q 10 Q 11

Linac

Ζ 1 = 11.98 m

T ransf er Line

DΖ = 20.47 m

Undulat or

Ζ 2 = 32.45 m

Beam Dump

Figure 2Layout of SPARC transfer line (quads Q1 → Q6) and undulator (quads Q7 → Q11 + undulator se
tions
U1 → U6) of SPARC experiment. The S's tag the positions of imaging s
reens, the ζ's measure thedistan
e from photo-
athode.
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Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q11

ζ [m] 12.267 12.518 12.765 16.036 16.286 16.5362 19.824 22.372 24.919 27.468 30.016

Leff [mm] 171.700 172.600 172.600 172.000 169.900 171.700 53.260 54.440 52.590 54.600 53.660

τ
[

T

A·m

]

0.7863 0.7880 0.7880 0.8095 0.7864 0.8055 3.100 3.043 3.038 3.158 3.058Table IQuadrupole synopti
s (Transfer Line+Undulator). The Leff tag the e�e
tive lengths, τ 's the strength
alibration 
onstants.
U1 U2 U3 U4 U5 U6

ζ [m] 18.629 21.178 23.725 26.273 28.821 31.370

L [mm] 2164.14 2163.76 2164.06 2164.51 2164.57 2164.31

c1 5.735 5.708 5.716 5.88 5.671 5.751

c2
[

mm−1
]

0.1131 0.1126 0.1121 0.113 0.1122 0.1122Table IIUndulator synopti
s. Positions (ζ) measure the distan
e from 
athode. See formula (30) for the meaningof 
oe�
ients c1 and c2For a

elerators, the expression "beam mat
hing" refers to the adjustment of beam opti
s tothe devi
e latti
e to meet the requirements ne
essary for operation. The 
on
rete implementationof this 
on
ept may di�er substantially depending on the general properties of the a

eleratorand the experimental goals. In 
ir
ular ma
hines, usually this means imposing periodi
 
ondi-tions over the entire length of the a

elerator or a sub-multiple of it. In the magneti
 undulatorof a single passage FEL[7, 8℄, on the other hand, �mat
hing the beam� means optimizing the
oupling between ele
tron beam and radiation. In the 
ase of several undulator se
tions alter-nated with quadrupoles and all tuned to the same wavelength, one may well want to imposeperiodi
al 
onditions over the distan
e spanned by the single undulator+quadrupole unit (whi
hin
ludes any drift between the two devi
es or or up to the leading edge of next undulator se
tion).This means essentially realizing at the leading edge of the unit an eigenstate of the 
orrespond-ing Twiss transport matrix asso
iated to the eigenvalue λ = 1. All the other se
tions will be�mat
hed� a

ordingly. Notwithstanding, a number of reasons may render impossible or uselessthis approa
h:
• the undulator se
tions are set to resonate at di�erent wavelengths, as in a �
as
ade� FEL[9℄experiment; this means that - ea
h undulator being set as to feature di�erent opti
alproperties - may well turn to be impossible - and there is no use in - transporting the beamso that at latti
e boundary it presents itself as an eigenstate of the following unit;
• the (3 × 3) Twiss matrix 
orresponding to a physi
al devi
e always invariably admits thereal eigenvalue λ = 1 (see (37) below). The 
orresponding ((βx, αx, γx) and (βy, αy, γy))eigenstates (up to multipli
ative 
onstants) are obviously the ones of 
hoi
e if the beam isto be transported through a latti
e of identi
al undulator se
tions. In the 
ase of SPARClatti
e, this means that, given the fo
using properties of the undulator (uniquely de�nedby the beam energy and gap), su
h states exist whatever the 
urrent of the followingquadrupole. It must be noted, however, that they do not ne
essarily des
ribe physi
albeams (see below). Moreover, sin
e a (plane) magneti
 undulator has di�erent opti
alproperties in verti
al and horizontal dire
tions (as shown in se
tion (II)), it may turn



8to be impossible - on
e the resonant wavelength λr (g, γ) has been set - to arrange thequadrupole to obtain eigenstates of the Twiss transport matrix des
ribing physi
al beamsin both verti
al and horizontal dire
tions.In what follows the above points will be analyzed in some detail, with a general digression andsome examples of real experimental situations.In the framework of linear beam dynami
s[10, 11℄, the motion of a parti
le in the phase-spa
eis des
ribed in matrix formulation by
(

u (z)

u
′

(z)

)
=

(
Cu (z) Su (z)

C
′

u (z) S
′

u (z)

)(
u0

u
′

0

)
u = x, yThe matrix

Mu (z) =

(
Cu (z) Su (z)

C
′

u (z) S
′

u (z)

) (31)permits a detailed ray-tra
ing of any given parti
le through the a

elerator. It is the produ
t ofthe matri
es 
omposing the sequen
e of devi
es:
Mu = M(n)

u · . . . ·M(2)
u · M(1)

uSin
e for ea
h devi
e the 
ondition
detM(i)

u = 1 (32)is ful�lled (a general properties of evolution operators in linear Hamiltonian dynami
s) , it iseasily seen that the same applies to the whole matrix Mu in (31).Liouville's theorem for the beam parti
le phase-spa
e density distribution ρ (U)

dρ (U)
dz

= 0 where U ≡
(

u

u
′

)implies that
ρ (U) = ρ

(
MU

0
)
= ρ

(
U

0
)The r.m.s. matrix:

Σ̂ ≡
∫

Uρ (U)UTdUevolves in time a

ording to the following expression:
Σ̂u (z) =

∫ [
Mu (z)U

0
]
ρ
(
Mu (z)U

0
) [

Mu (z)U
0
]T

d
[
Mu (z)U

0
]

= Mu (z)





∫
U

0ρ
(
U

0
)
U

0T




=1︷ ︸︸ ︷
detMT

u (z)dU0








MT
u (z)

= Mu (z) Σ̂
0MT

u (z)

(33)
Normalized emittan
e ǫ is de�ned as ǫ =√det Σ̂ (note that det Σ̂ > 0 sin
e Σ̂ is a real, symmetri
,non singular matrix). A 
onsequen
e of (32) and (33) is that emittan
e is a 
onserved quantity.The r.m.s. matrix 
an put then in the form

Σ̂u = ǫu

(
βu αu

αu γu

) (34)where the Twiss 
oe�
ients βu, αu and γu are thus 
onstrained by the 
ondition
N (βu, αu, γu) ≡ βuγu − α2

u = 1 (35)



9A 
onsequen
e of (34) is that ǫuβu and ǫuγu represent the varian
e of u and u
′ , respe
tively -two stri
tly positive quantities - so βu and γu must be stri
tly positive as well. Quantity ǫαuexpresses instead the 
orrelation between u and u

′ in the phase-spa
e. It is easily shown thatevolution of Twiss 
oe�
ients is governed by the following expression:



βu

αu

γu


 = T (Mu)




β0
u

α0
u

γ0
u


where

T (Mu) =




C2
u −2CuSu S2

u

−CuC
′

u SuC
′

u + CuS
′

u −SuS
′

u

C
′2
u −2C

′

uS
′

u S
′2
u




(36)Moreover, it 
an be shown that the eigenvalues of (36) are
λ1 = CuS

′

u − SuC
′

u = detMu = 1 (37)
λ2/3 =

1

2

[(
C2

u + 2SuC
′

u + S
′2
u ∓

(
Cu + S

′

u

)√
(Cu − S′

u)
2
+ 4SuC

′

u

)]The eigenve
tor asso
iated to λ1 = 1 is obviously the only 
andidate whenever one wants toleave opti
al fun
tions β, α, γ un
hanged at the exit of a devi
e. The eigenve
tor 
orrespondingto unit eigenvalue is
v(1) =




2Su

Cu − S′

u

−2C′

u


up to a real multipli
ative 
onstant r to be found to enfor
e 
ondition (35). One 
an set thismultipli
ative 
onstant to

r ≡ v1
|v1|

1√
|v1v3 − v22 |

(38)where v(1) = (v1, v2, v3) is the eigenve
tor asso
iated to λ1 = 1 and
ṽ ≡




βu

αu

γu


 = r v =




rv1

rv2

rv3


the res
aled eigenve
tor. The 
hoi
e (38) has the merit to for
e βu to the positive value

βu =
v21
|v1|

1√
|N (v)|

=
|v1|√
|N (v)|Note, however, that

N (ṽ) ≡ βuγu − α2
u = r2N (v) =

N (v)

|N (v)| = ±1 (39)The last result deserves a few 
omments: there is no warranty that the eigenve
tor asso
iated tothe eigenvalue λ1 = 1 ful�lls the Twiss 
ondition (35). Consider the 
ase, for example, that
v1v3 ≤ 0



10or (more generally)
N (v) = v1v3 − v22 ≤ 0Sin
e res
aling of the eigenve
tor by any 
onstant r amounts to multiply v1v3 or v1v3− v22 by r2,there is no 
han
e to make βu and γu to represent both stri
tly positive quantities (the produ
t

βuγu = r2v1v3 ≤ 0 remains negative), or βuγu − α2
u = r2

(
βuγu − α2

u

) to be
ome positive. These
onditions (i.e. N (v) ≤ 0) signal that mat
hing is impossible, that is an eigenve
tor asso
iatedto eigenvalue λ1 = 1 exists, but it 
annot be re-s
aled to represent any physi
al beam. Anapodi
ti
 - and limit - 
ase is that of drift, for whi
h the Twiss matrix reads
Du (L) =




1 −2L L2

0 1 −L
0 0 1


with 
hara
teristi
 polynomial P (λ) = (1− λ)

3 and eigenve
tor
v =




1

0

0


In this 
ase the Twiss form N (v) is identi
ally zero. Trivial 
onsiderations 
on�rm that the onlyeigenstate is obviously that of a beam with no slope dispersion (γu = 0).For undulators, mat
hing 
onditions must be ful�lled simultaneously in verti
al and hori-zontal dire
tions, whi
h aggravates the problem sin
e the fo
using/defo
using properties of thequadrupole following the undulator se
tion are determined by one and the same 
urrent value,and it may well happen that for any given 
urrent permissible in the range of the devi
e, the
ondition dis
ussed above (the eigenstate exists, but it is unphysi
al) applies to one of the twodire
tions, or both. Consider, in this regard, a latti
e unit 
omposed (as for SPARC experiment)by an undulator se
tion, a drift, a quadrupole and another drift up to the leading edge of thefollowing se
tion. A rough estimation of the 
urrent limits for whi
h physi
al eigenstates forsu
h a devi
e exist, 
an be found assuming that the undulator behaves in the horizontal dire
-tion as a drift. It 
an be shown - quite expe
tedly - that no physi
al eigenstates may exist if thequadrupole is defo
using horizontally. If the 
onvention that the quadrupole is fo
using verti
allyfor positive 
urrents, this means that physi
al horizontal eigenstates may exist only for IQ < 0.In this 
ase it 
an be shown that the (un-normalized) horizontal eigenstate reads

vx =

{
(LD1

+ LD2
+ LU ) cot

(
LQ

√
κQ

)
√
κQ

− (LD1
+ LU )LD2

+
1

κQ
,
1

2
(LD1

− LD2
+ LU ) , 1

}(40)The form (βxγx − α2
x) in this 
ase reads

Nx (v) =
(LD1

+ LD2
+ LU ) cot

(
LQ

√
κQ

)
√
κQ

+
1

κQ
− 1

4
(LD1

+ LD2
+ LU )

2 (41)The Twiss 
ondition (35) 
an be realized provided expression (41) is positive. If the 
ondition
LQ

√
κQ ≪ 1 holds, then cot

(
LQ

√
κQ

)
≈ 1/

(
LQ

√
κQ

) and (41) 
ollapses to:
Nx (v) =

LD2
+ LD1

+ LU + LQ

LQκQ
− 1

4
(LD2

+ LD1
+ LU )

2 (42)and
Nx (v) ≥ 0 ⇐⇒ κQLQ ≤ 4

LD2
+ LQ + LD1

+ LU

(LD1
+ LD2

+ LU )
2 (43)Sin
e

κQLQ =
1

|f | =
e

γmc
η · |IQ| =

0.3η [T/A]

E [GeV]
|IQ [A]|



11(η is the 
alibration 
onstant yielding the integrated gradient per unit 
urrent) (43) redu
es to
∣∣∣∣IQ [A]

∣∣∣∣ < 4
E [GeV]

0.3η [T/A]

LU + LD1
+ LQ + LD2

(LD1
+ LD2

+ LU )
2 (44)that is

−4
E [GeV]

0.3η [T/A]

LU + LD1
+ LQ + LD2

(LD1
+ LD2

+ LU )
2 < IQ [A] < 0 (45)
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Figure 3Twiss �norm� (eq. (35)) for latti
e eigenstates in horizontal (red) and verti
al (green) dire
tions for 1stundulator se
tion, for a beam with γ = 205 (E = 105MeV) set at gaps: g = 10.88 (left) (K = 1.675,
λr = 800nm) and g = 11.275mm (right) (K = 1.602, λr = 760nm), as a fun
tion of the 
urrent in thedownward quad. A positive 
urrent means that the quadrupole is fo
using verti
ally and defo
usinghorizontally. Mat
hing is possible within the 
urrent interval where βγ − α2 = 1 in both x and ydire
tions. No su
h interval exists in the �rst 
ase. In the later the situation is reversed.The value 
orresponding to (45) is signaled in �gs. (3) by the dashed verti
al line. Sin
e thevalue is very 
lose to that 
orresponding to the transition from unphysi
al to physi
al eigenstates,the approximation used seems fairly good.The 
ase for the verti
al dire
tion is far more 
ompli
ated and eludes any attempt of exa
tanalyti
al treatment. Therefore, the existen
e of a physi
al verti
al eigenstate 
ompatible with(45) (that is, 
onsistent with the 
ondition that IQ ≤ 0) must be studied numeri
ally. In �g. (4)the eigenstate's maximum Twiss norm (as a fun
tion of the quadrupole 
urrent) is displayed asa fun
tion of the gap (left plot) for the same beam parameters as in �g. (3). To get rid of energydependen
e, yet at the pri
e of more abstra
tion, it is useful to 
ast the same result in terms of κU,yalone (right plot). What matters really in �g. (4) is the sign of Nmax. From the plot of Nmax vs gis 
lear, for example, that no physi
al verti
al eigenstate exist for 9.83mm . g . 11.21mm. Theplot of Nmax vs κU,y, on the other hand, is more universal, sin
e it applies to any 
ombinationof parameter values 
onspiring to build up the same value of κU,y. The previous 
onstraint, infa
t, translates to

κ
(1)
U,y ≤ (2 + δ)

(
πK

γλU

)2

≤ κ
(2)
U,y

κ
(3)
U,y ≤ (2 + δ)

(
πK

γλU

)2

≤ κ
(4)
U,y

κ
(5)
U,y ≤ (2 + δ)

(
πK

γλU

)2

≤ κ
(6)
U,y

. . .

(46)
where κ

(1)
U,y ≈ 1.53, κ(2)

U,y ≈ 2.11, κ(3)
U,y ≈ 6.23, κ(4)

U,y ≈ 8.43, κ(5)
U,y ≈ 14.33 and κ

(6)
U,y ≈ 18.97.
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Figure 4Maximum of Twiss �norm� (eq. (35)) for latti
e eigenstates in verti
al dire
tion for 1st undulatorse
tion as a fun
tion of the gap (left) and κU,y (right, solid). The maximum is found by varying thequadrupole 
urrent in the range −10A ≤ IQ ≤ 0. Beam parameters are the same as in �g. (3). Dashedverti
al lines delimit the region where no physi
al mat
hing is possible.In the right plot of �g. (4) the solid line refers to a beam of γ ≈ 206, with the undulator gapspanning the interval 8.4÷ 20cm. The same 
urve, in
luding the dashed line, on the other hand,refers to the same gap interval for a beam of energy de
reased by a fa
tor 2.5 (γ ≈ 82). The(46) 
an be redu
ed to a more suggestive form by 
asting the undulator strength parameter Kin terms of the resonant wavelength λr and the beam energy γ, whi
h yields
κU,y = 4π2 2γ

2λr − λU

γ2λ3
U

(47)Equation (47) 
an be used express the resonant wavelength vs beam energy 
orresponding to agiven value κU . The 
urves in �g. (5) plot λr as a fun
tion of beam energy for κU,y = κ
(i)
U,y where

κ
(i)
U,y are the zeros of Nmax. The shaded regions delimit the band-like forbidden zones where nophysi
al verti
al eigenstates 
an be realized with a single defo
using quadrupole.
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Figure 5Left: resonant wavelength vs beam energy (eq. (47)) 
orresponding to κU = 1.53, 2.11, 6.23 . . . (see text).In the shaded regions it is impossible to realize physi
al verti
al eigenstates with a single defo
usingquadrupole. The bla
k lines 
orrespond to 
urves where the gap has been kept �xed to g = 8.2mm(dashed), g = 11.5mm (dash-dotted) and g = 20mm (dotted), respe
tively. Right: the same as in leftplot, zoomed to a region relevant for SPARC operation. The asterisks refer to the 
ases des
ribed in �g.(3).



13IV. OPTIMIZATION. TRANSFER LINE QUADS.Optimization of FEL performan
es 
an be a
hieved by identifying the value of quadrupole
urrent downward the undulator whi
h 
orrespond to an extreme (usually a minimum) of asuitably de�ned merit fun
tional. Some possible 
hoi
es are:
χ2 =

∫

LU

βx · βydζ (48)
χ2 =

∫

LU

(ǫxβx − ǫyβy)
2
dζ (49)

χ2 =

∫

LU

(ǫxβx + ǫyβy) dζ (50)
χ2 =

∫

LU

(ǫxβx + ǫyβy) (ǫxβx − ǫyβy)
2 dζ (51)

. . .The dependen
e of fun
tionals (48-51) on the quadrupole 
urrent are plotted in �g. (6) (topgraphs) for two working points 
hosen in two di�erent allowed regions. The 
rosses tagging theminima identify the eigenve
tors optimizing the beam parameters. Fun
tional (48) and (50),for example, are designed to minimize the average 
ross se
tion of the ele
tron beam, fun
tional(49) is designed to obtain a round beam, and fun
tional (51) is a 
ompromise between size androundness.On
e the optimal x, y eigenstates for the undulator se
tion have been found along with theasso
iated 
urrent to be fed to the downward quadrupole, one is left with the �nal problem of�nding the settings for the quadrupole of the transfer line that realize these states given thebeam properties at the end of a

eleration stage. The mathemati
al problem to be solved is aset of 2× 3 nonlinear equations for the 
urrents of an equal number of transfer line quadrupole:



β
(1)
u

α
(1)
u

γ
(1)
u




= T (Mu,TL)




β
(0)
u

α
(0)
u

γ
(0)
u




u = x, ywhereMu,TL ({ITL}) is the transport matrix from the end of a

eleration stage up to the entran
eof undulator se
tion, whi
h depends of 
ourse on the (equal number of) 
urrents {ITL} of transferline quadrupoles. Note that sin
e βu, αu and γu (u=x,y) are not independent for Twiss 
ondition(35) is naturally preserved, in prin
iple the number of unknowns may be redu
ed by two (from
6 to 4). Nevertheless, it must be remarked that the problem at hand is non-linear, so there is noguarantee that a solution exists. Playing around with a numeri
al 
ode implemented spe
i�
allyto handle both 
ases, 
learly shows that solving the 
omplete (6 equations in 6 unknowns),
overtly over-determined problem, turns to be a more robust 
hoi
e (
apability of �nding asolution). In �g. (7) are shown a few examples of mat
hing obtained with di�erent gap values.In the third 
ase (beam energy and resonant wavelength purposedly 
hosen to be very 
lose tothe �forbidden zone� where no physi
al eigenstates exist in the undulator latti
e) no mat
hing
ould be found with only 4 independent quadrupoles.V. CONCLUSIONSIn this note the fo
using properties of SPARC undulators have been dis
ussed, along withthe analyti
al 
onditions to be ful�lled for transporting the beam through the periodi
 latti
e ofundulator's se
tions. It has been shown that band-like forbidden zones 
an be identi�ed in theplane (Eb, λr) of resonant wavelengths vs ele
tron beam energy, where no physi
al eigenstates
an be realized simultaneosuly in both transverse dire
tions, in the 
onsidered elementary latti
eunit. A proper 
hoi
e of beam energy and undulator gap in an allowed region of the diagramin Fig. 5, allows steadily operation of undulators mainly designed to fun
tion in the lowermostregion of the plane (λr, Eb) at 
onsiderably larger wavelengths.
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Figure 6Top: merit fun
tionals for undulator eigenstates 
orresponding to the quadrupole 
urrent (in abs
issa)for a beam energy of 105MeV (γ ≈ 205) and gap values (left) g = 11.944mm (λr = 700nm) and (right)
g = 8.687mm (λr = 1.1µm). Blue, magenta, orange and red 
urves 
orrespond to fun
tionals (48), (49),(50), and (51), respe
tively; 2nd → 5th row: opti
al fun
tions βx (blue) and βy (magenta) for eigenstates
orresponding to the χ2 minima (the 
rosses in the top plots).
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Figure 7Mat
hing from the transfer line up to the �rst undulator se
tion for three di�erent gaps. Solid and dashedlines refer to the solution obtained with 4 and 6 transfer line independent quadrupoles, respe
tively. Theeigenstates in the undulator 
orrespond to optimum found by minimizing fun
tional (48). For the thirdgap (11.250mm) only the mat
hing with 6 quads is shown, for it proved problemati
 to �nd a solutionwith 4. The verti
al dashed lines tag the positions of TL- quads, and those shown in �g. (6). The beamenergy is 105MeV in all 
ases.


