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In this note the focusing properties of magnetic undulators are addressed, with particular em-
phasis to SPARC-type undulators, i.e. linear devices weakly defocusing in the horizontal (wiggling)
plane and strongly focusing in the vertical plane. The beam trajectory will be derived in detail
to different approximation levels. Some subtleties will be discussed aiming at obtaining a matrix
expression suitable for customary beam optics and matching. The purpose of this note is to clar-
ify the theoretical framework necessary for the deployment of a numerical code added to SPARC
Control System as a tool to be used at runtime. In particular, a considerable analytical effort has
been devoted to the problem of identifying the conditions that ensure the existence of the electron
beam eigenstates in the undulator lattice for a given working set of e-beam energy and resonant
wavelength.

I. INDUCTION FIELD FOR PURE PERMANENT MAGNET LINEAR
UNDULATORS.

It can be shown that magnetic field for a pure permanent magnet undulator can be derived
from a magnetostatic potential:

B = Vo (1)

Eq. (1) follows from the fact that, in absence of currents (7

0), the Ampére law reads:
VxB=0 2)

Proceeding in a fairly axiomatic fashion (literature abounds of textbooks and monographs where
this topic is discussed in detail), for the magnetic potential ®y; the following expression will be
considered:

Dy = —% cos (kxx) sinh (kyy) sin (ky 2) (3)

y

Magneto-static potential (3) is only one of several possible forms that give rise to a magnetic field
which is i) periodic (sinusoidal) in the longitudinal (z) direction; i7) mainly oriented along one of
the two transverse directions (y) and 4ii) essentially decoupled along the other (). The form (3)
implicitly reflects some peculiar properties of SPARC undulators, namely that of being slightly
defocusing in the horizontal (wiggling) plane, and strongly focusing in the vertical (main field)
direction. Other expressions are possible, reflecting different focusing properties of undulators
(e.g. undulators focusing in both directions, or with different polarizations). Eq. (1) implies the
following expressions of field’s components:

kx
By (z,y,2z) = fk—BO sin (kxx) sinh (kyy) sin (kuz)
Y
By (z,y,2) = By cos (kxx) cosh (kyy) sin (ky 2) (4)
ku .
B, (x,y,2) = k_BO cos (kxx) sinh (kyy) cos (kyz)

y



The condition of magnetic field to be solenoidal
VB =V2y =0
translates for (4) to:
kI — kK =k}
On axis (z,y =~ 0)

By (z,y,2) ~ —Bok2xy sin (ky2)

k2 2 kQ 2
By (z,y,2) = By (1— X; ) <1+ y2y sin (kyz)
k2 2
B, (x,y,2) ~ Bokuwy <1 x; )cos (kuz)

To second order field components reduce to

By (7,y,2) ~ —Bok?zy sin (kyz)

k2 2 2,2
By (z,y,2) = By (1 - x—; + y2y sin (ky2)

B, (z,y,z) ~ By ky y cos (kuz)

which can be further manipulated to read

2

k
By (z,y, 2) fBO(Sguscy sin (ky2)

Q

By (z,y,2) ~ By {1 + % [—62” + (24 0) y°] } sin (ky2) (5)

B, (z,y,2) =~ Bokyy cos(ky2)
where

k3
§= 2/@_3 (6)
The value of ¢ defined in eq. (6) has been calculated as a function of the gap for an idealized
SPARC undulator section (fig. (1)) modeled with RADIA[1-3]. The results are shown in fig. (1)
along with a fit to a straight line:

5(9)=a+b-g a~-911-10"% b~1.18-103mm! (7)

II. TRAJECTORY OF A RELATIVISTIC ELECTRON IN A PPM UNDULATOR

In this section some basic results will be re-derived[4] about the dynamics of an electron beam
in the field of a magnetic undulator. A reference frame oriented as shown in fig. (1) will be
used throughout this report, so that the the main component of the field is directed along the
y axis, while electron beam propagates along the +2z axis. In first instance, the motion in the
horizontal (that is, z — z) plane will be discussed, all field’s components will be neglected but
By and By = Bysin (kyz) will be assumed. It follows that:

= 'ymcﬂ = e x ﬁ = ec? X § = —ecBy (B.Ux — B21y)
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The RADIA model of SPARC undulator. Right: parameter ¢ as defined in (6) as a function of the gap.

where e is the electron’s charge and it has been implicitly assumed that the particle energy is
left unchanged (¥ = 0) by the interaction with a pure magnetic field. The transverse force acting

upon an electron is then purely horizontal and given by

dpBy e
—~ ~—-——RB .
dt ym vh

Since By < B, = 1 one can assume no longitudinal acceleration:

dp, e
~ — (B, =0
dt 'ymﬁ Y
so that
Bredt = dz
and
A
dz yme Y
Note that
1 dx dx
B = cdt ﬂz%
implying that
d?z e

Direct integration yields

de _ , o, € z
X —a(:) = 0) JREAGES

~vBme
A further integration yields:

e 2 G2
r@)=w0)+a ©):- = [ [V () dade

Since By, (¢) = Bosin (ky() then

/ / (G dGudGy = /OZBOI%TI(’““%@

kuz —sin (kyz)

= By 2



and the expression of horizontal vs longitudinal position reads

e kuz —sin (ky2)
z(2)=x(0)+2'(0)z — ~Bome 0 2 (13)
The requirement that the trajectory wiggles around the entrance position, i.e.
z (M) =z (0) (14)
implies (observe that k,\, = 27)
By 27w
(0) A — —2 22—
z'(0) vB.me k2
that is
B 1 eBoh
2 (0) = _ &P _ €50
YBamcky B, 2mme
Since the K (peak) parameter for a linear undulator is by definition
eBoAu
K=—— 15
2mme (15)
(note that electron charge is negative) it follows
K K
' (0) = — R ——
VBz v
The reference trajectory is then
e sin (ky2)
= z(0
1B = e OF TR
eBoA, sin (ky2)
= z(0 16
z(0) + 2nyB,me  ky (16)

K sin(kuz) ~ 2 (0) K sin (ku2)
Bz ku Yk

Eq. (16) defines the horizontal reference trajectory for a particle entering the undulator on axis
(x (0) = 0), neglecting off axis corrections in field expression (4) or (5):

= z(0)

K sin (ky A K
xy (2) = —7%11'2) =Ty sin (ky2) (17)

The trajectory of an electron traveling off the reference orbit by an amount x5 (z) reads obviously
z(2) =z (2) + 25 (2) (18)

Horizontal acceleration (10) can be modified by introducing corrected field B, according to (5)
(with y = 0)

d*x _ dr + d"xs € _po (Z){ - %5[xr (2) + x5 (2)12} (19)

dz? dz2 dz? B ~vB,mc Y

where BY (z) = By (x = y = 0, 2). On the other hand

d?z e e k2
r___ % B ()=- B (2) |1 — Jugy?
dz? ~vBme > (2) ~yBy,me Y (2) { 4 Tr (z)}

The approximation

[ (2) + 25 (2)]” = 27 (2) + 222 (2) 25 (2)



yields finally

RIS e k2
20 BO S,
dz? ~vB,mc y(z) 2 0wy (2) w5 (2)
1 eBohu . » k2
- Mg
V25, 2mme sin” (kyz) 5 0K x5 (%)
(20)
_ 9 212 o 2
= 272621{ kg sin® (kyz) zs (2)
é

2—/72K2k12] sin? (kuz) x5 (2)

Q

(where for z, () the approximation (17) has been used). Averaging over a period the sin? (k,z)

term yields a factor 1/2:
d? )
<ﬂ> ~ —K2k12]:c5 (2)

dz? 4~2
that is
Pas\ 4] K 230 (2) (21)
dz2 /77 \ W 0
A similar calculation can be performed to obtain the governing equation for y. Observe first that
dpBy e
— =~ — (6,Bx — B« B, 22
(5. BB (22)
that is, by virtue of (8)
By ¢ (p_Lrp)o_¢ (p _%p (23)
dz yme B, yme dz
i.e.
Py e (g _drp (24)
d=2 " ~vB,mc *ody ?

Since the reference trajectory is merely y = 3y’ = 0, eq. (24) defines directly the “error” equation:
Ys =Y (25)
Substitution of field’s components from eq. (5) yields

2 B
d*ys _ eBoku [5%z(Z) sin (kyz) — j_x COS(kuZ)} ys (2) (26)
y4

dz2 "~ ~B,me

In pre\{ious result one can put safely x(z) = z,(z) and % = 2 TInsertion of (17) and its
derivative

dx, K
i cos (ky2)
yields
d*ys eBoky [6 K . 4 K
CY o S0 22 602 (hyz) 4+ — cos? (ku
7. ~Bme |27 sin® (kyz) + 5 cos” (kuz)| ys (2)
1 eBoky
= 5; ﬁzmcK[(SsinQ (kuz) + 2 cos® (ku2)] s (2) (27)
k2K?

= 72725 [5sin2 (kuz) + 2 cos? (kuz)] ys (2)



Average on an undulator period (\,) gives the result

<d2y5> N kK 24 0] ys (2)

dz? 428,

- é(jffmém(z)

which can be approximated (for 8, =~ 1) to

(28) ~-p+4 (;Tf\()ya =) (28)

Eqgs. (21) and (28) state that transverse motion is subject to a linear defocusing (z) or focusing
(y) force, with a much stronger coupling in vertical than horizontal direction. It should be
stressed that this analysis refers to “errors” with respect to reference orbit. On a global respect,
motion can be described - quite expectedly - as a sequence of alternate dipoles. The linear maps
describing the effect of the undulator are

L sinh y/kxz
x cosh \/kxz —Y x 2
= ) Fox ’ Kx = 0 (ﬂ-§(>
z . :L',O 7 Au
/Ky sinh \/kxz  cosh\/kxz
sin /Ky z
Y COS /Ry % = Yo K\ 2 K\ 2
_ Vhy Ky = (24 9) Ul ~2( L
y
y " YAu YAu
— /Ry sin,/Ryz  cos,/Fyz 0
(29)

III. MATCHING CONDITIONS IN THE SPARC UNDULATOR.

The layout of SPARC experiment, downward the three TW accelerating sections, is shown
in fig. (2). In tables (I) and (II)[5] are resumed the positions, sizes and main features of the
relevant devices. The coefficients ¢; e co are the results of a fit to the following parametrization
of undulator’s strength[6]:

K (g9) =c1-exp(—c2-g) (30)
< —Transfer Line— » € — — — — — — — — — — Undulator — — — — — — — — — — >
Q,Q3 QQs Qs Qg Qg Qo Qy
Linac |000 | 000 U, U, U, U, Ug Ug Beam Dump
$1Q; S; QsS;
- - - - - - - - — - = A =204TM — — — — — — — — — — — — — — >
§1=1198m §2=32.45m
Figure 2

Layout of SPARC transfer line (quads @Q: — Qs) and undulator (quads Q- — Q.1 + undulator sections
U, — Us) of SPARC experiment. The S’s tag the positions of imaging screens, the (’s measure the
distance from photo-cathode.




Ql Q2 QS Q4 Q5 Q6 Q7 QS QQ Ql[) Qll
¢ [m] 12.267 12.518 12.765 16.036 16.286 16.5362 19.824 22.372 24.919 27.468 30.016

Leg [mm]  171.700 172.600 172.600 172.000 169.900 171.700 53.260 54.440 52.590 54.600 53.660

m[:£] 0.7863 0.7880 0.7880 0.8095 0.7864 0.8055 3.100 3.043 3.038 3.158 3.058

Table I

Quadrupole synoptics (Transfer Line+Undulator). The L. tag the effective lengths, 7’s the strength
calibration constants.

U Ua Us Uy Us Us
¢ [m] 18.629 21.178 23.725 26.273 28.821 31.370
L [mm)] 2164.14 2163.76 2164.06 2164.51 2164.57 2164.31

c1 5.735  5.708  5.716 5.88 5.671  5.751

co mm~'] 01131 0.1126 0.1121 0.113 0.1122 0.1122

Table II

Undulator synoptics. Positions () measure the distance from cathode. See formula (30) for the meaning
of coefficients c; and c2

For accelerators, the expression "beam matching" refers to the adjustment of beam optics to
the device lattice to meet the requirements necessary for operation. The concrete implementation
of this concept may differ substantially depending on the general properties of the accelerator
and the experimental goals. In circular machines, usually this means imposing periodic condi-
tions over the entire length of the accelerator or a sub-multiple of it. In the magnetic undulator
of a single passage FEL[7, 8], on the other hand, “matching the beam” means optimizing the
coupling between electron beam and radiation. In the case of several undulator sections alter-
nated with quadrupoles and all tuned to the same wavelength, one may well want to impose
periodical conditions over the distance spanned by the single undulator+quadrupole unit (which
includes any drift between the two devices or or up to the leading edge of next undulator section).
This means essentially realizing at the leading edge of the unit an eigenstate of the correspond-
ing Twiss transport matrix associated to the eigenvalue A\ = 1. All the other sections will be
“matched” accordingly. Notwithstanding, a number of reasons may render impossible or useless
this approach:

e the undulator sections are set to resonate at different wavelengths, as in a “cascade” FEL[9]
experiment; this means that - each undulator being set as to feature different optical
properties - may well turn to be impossible - and there is no use in - transporting the beam
so that at lattice boundary it presents itself as an eigenstate of the following unit;

e the (3 x 3) Twiss matrix corresponding to a physical device always invariably admits the
real eigenvalue A = 1 (see (37) below). The corresponding ((8z, @z, V) and (By, oy, vy))
eigenstates (up to multiplicative constants) are obviously the ones of choice if the beam is
to be transported through a lattice of identical undulator sections. In the case of SPARC
lattice, this means that, given the focusing properties of the undulator (uniquely defined
by the beam energy and gap), such states exist whatever the current of the following
quadrupole. It must be noted, however, that they do not necessarily describe physical
beams (see below). Moreover, since a (plane) magnetic undulator has different optical
properties in vertical and horizontal directions (as shown in section (II)), it may turn



to be impossible - once the resonant wavelength A, (g,7) has been set - to arrange the
quadrupole to obtain eigenstates of the Twiss transport matrix describing physical beams
in both vertical and horizontal directions.

In what follows the above points will be analyzed in some detail, with a general digression and
some examples of real experimental situations.

In the framework of linear beam dynamics[10, 11], the motion of a particle in the phase-space
is described in matrix formulation by

The matrix

Cy (Z) Sy (Z)
M= (0 50) o

permits a detailed ray-tracing of any given particle through the accelerator. It is the product of
the matrices composing the sequence of devices:

My=MM . M2 MDY
Since for each device the condition
det M) =1 (32)

is fulfilled (a general properties of evolution operators in linear Hamiltonian dynamics) , it is
easily seen that the same applies to the whole matrix M, in (31).
Liouville’s theorem for the beam particle phase-space density distribution p (i)

d
) @) =0 where u= < Y >
dz U

implies that

The r.m.s. matrix:

~

3= /‘up(‘u) u’du
evolves in time according to the following expression:
S (z) = / (Mo (2) @] p (Mo (2) @°) [My (2) @°]" d [My (2) @]

=1

M, (2) / wp () " |det ML (z)du’| ¥ MY (2) (33)

= My (2) SOMT (2)

Normalized emittance ¢ is defined as e = Vdet & (note that det $ > Osince Sisa real, symmetric,
non singular matrix). A consequence of (32) and (33) is that emittance is a conserved quantity.
The r.m.s. matrix can put then in the form

Bu=eu( o) (34)

Ay Yu

where the Twiss coefficients 3, a,, and -, are thus constrained by the condition

N (Buy Qs Yu) = Buvu — 043 =1 (35)
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A consequence of (34) is that ¢,8, and €,7, represent the variance of v and u/, respectively -
two strictly positive quantities - so 3, and -, must be strictly positive as well. Quantity ey,
expresses instead the correlation between u and v in the phase-space. It is easily shown that
evolution of Twiss coefficients is governed by the following expression:

Bu Bu

Yu v
where
C2 —2C,S. 52
T(M,) = | —c.C, S.C.,+C.S, —5.5, (36)
C.2 -20,,8,, S,2

Moreover, it can be shown that the eigenvalues of (36) are

A = CuS, — 8,C, =det M, =1
(37)

1 / ’ !’
Nojs = 5 Kci +28,0, + 82 F (Cu + Su) \/(cu 8+ 45@;)]

The eigenvector associated to A\; = 1 is obviously the only candidate whenever one wants to
leave optical functions (3, c, v unchanged at the exit of a device. The eigenvector corresponding
to unit eigenvalue is

25,
W= cC, -8,
—20,

up to a real multiplicative constant r to be found to enforce condition (35). One can set this
multiplicative constant to

(%} 1 (38)
r=E o ——
lv1] \/vrvs — 03]
where v(1) = (v1,va,v3) is the eigenvector associated to \; = 1 and
Bu rv1
1= a, | =rv=1 ruvg
Yu T3
the rescaled eigenvector. The choice (38) has the merit to force /3, to the positive value
By = i 1 — |01
ol VIN ()] VIV (©)]
Note, however, that
~ N (v)
N (@) = Buyu — 2 =N (v) = =+1 (39)
IV ()]

The last result deserves a few comments: there is no warranty that the eigenvector associated to
the eigenvalue \; = 1 fulfills the Twiss condition (35). Consider the case, for example, that

V1V3 S 0
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or (more generally)
N (v) = vivg —v3 <0

Since rescaling of the eigenvector by any constant 7 amounts to multiply vv3 or vyv3 — v2 by 72,
there is no chance to make (3, and 7, to represent both strictly positive quantities (the product
BuYu = r?vivs < 0 remains negative), or Byyy — a2 = r? (Buyu — &) to become positive. These
conditions (i.e. N (v) < 0) signal that matching is impossible, that is an eigenvector associated
to eigenvalue \; = 1 exists, but it cannot be re-scaled to represent any physical beam. An
apodictic - and limit - case is that of drift, for which the Twiss matrix reads

1 —2L L2
D,(L)y=[0 1 -L
0 0 1

with characteristic polynomial P (\) = (1 — A)° and eigenvector

In this case the Twiss form N (v) is identically zero. Trivial considerations confirm that the only
eigenstate is obviously that of a beam with no slope dispersion (v, = 0).

For undulators, matching conditions must be fulfilled simultaneously in vertical and hori-
zontal directions, which aggravates the problem since the focusing/defocusing properties of the
quadrupole following the undulator section are determined by one and the same current value,
and it may well happen that for any given current permissible in the range of the device, the
condition discussed above (the eigenstate exists, but it is unphysical) applies to one of the two
directions, or both. Consider, in this regard, a lattice unit composed (as for SPARC experiment)
by an undulator section, a drift, a quadrupole and another drift up to the leading edge of the
following section. A rough estimation of the current limits for which physical eigenstates for
such a device exist, can be found assuming that the undulator behaves in the horizontal direc-
tion as a drift. It can be shown - quite expectedly - that no physical eigenstates may exist if the
quadrupole is defocusing horizontally. If the convention that the quadrupole is focusing vertically
for positive currents, this means that physical horizontal eigenstates may exist only for Io < 0.
In this case it can be shown that the (un-normalized) horizontal eigenstate reads

{ (Lp, + Lp, + Lu) cot (Lo \/Fg)
Vx =

VFa

The form (8,7, — a?2) in this case reads

1 1
_(LD1+LU)LD2+_a_(LDl_LD2+LU)a1}
KQ 2
(40)
Lp, +Lp, + Ly)cot (Lo./k 1 1
Nx(v):( = P U) ( < Q) +_7_(LD1 +LD2+LU)2 (41)
VEQ kg 4

The Twiss condition (35) can be realized provided expression (41) is positive. If the condition
Lq /g < 1 holds, then cot (Lg,/Fq) ~ 1/ (Lg,/Fq) and (41) collapses to:

Lp,+Lp, +Ly+L 1
Ny (v) = 222220 =20 2 2@  —(Lp, + Lp, + Ly)? (42)
LQKQ 4
and
L Lo+ L L
Ni(v) 2 0 = roLq < 4222t 2@ ™ D1+2U (43)
(Lp, + Lp, + Lv)
Since

e 0.3n[T/A]

Kala = 157 = s Mol = “picetry Ma 4]



11

(n is the calibration constant yielding the integrated gradient per unit current) (43) reduces to

FE|GeV] L L L L
IQ[A]‘<4 (GeV] Lu + Lo + Lo+ Lo, (44)
0.3n[T/A]l (Lp, + Lp, + Lv)
that is
E[GeV]| L L L L
_ [ e ] v+ Lp, +Lg+ 2D2 IQ [A] - 0 (45)
030[T/A] (Lor + Lo, + Lo)
Buau-7S (u=x,y) Buau-7S (u=x,y)
i 1-0:’ i 1.0}
3 0-5:’ 3 0.5}
-4 -2 2 4 -4 -2 b 2 4
3 -osf 3 ~os|
} ol } Liof
Figure 3

Twiss “norm” (eq. (35)) for lattice eigenstates in horizontal (red) and vertical (green) directions for 1°°
undulator section, for a beam with v = 205 (F = 1056MeV) set at gaps: g = 10.88 (left) (K = 1.675,
Ar = 800nm) and g = 11.275mm (right) (K = 1.602, A\, = 760nm), as a function of the current in the
downward quad. A positive current means that the quadrupole is focusing vertically and defocusing
horizontally. Matching is possible within the current interval where v — a® = 1 in both z and y
directions. No such interval exists in the first case. In the later the situation is reversed.

The value corresponding to (45) is signaled in figs. (3) by the dashed vertical line. Since the
value is very close to that corresponding to the transition from unphysical to physical eigenstates,
the approximation used seems fairly good.

The case for the vertical direction is far more complicated and eludes any attempt of exact
analytical treatment. Therefore, the existence of a physical vertical eigenstate compatible with
(45) (that is, consistent with the condition that I, < 0) must be studied numerically. In fig. (4)
the eigenstate’s maximum Twiss norm (as a function of the quadrupole current) is displayed as
a function of the gap (left plot) for the same beam parameters as in fig. (3). To get rid of energy
dependence, yet at the price of more abstraction, it is useful to cast the same result in terms of «y ,,
alone (right plot). What matters really in fig. (4) is the sign of Nyax. From the plot of Mpax vs g
is clear, for example, that no physical vertical eigenstate exist for 9.83mm < g < 11.21mm. The
plot of Niax VS Ky, on the other hand, is more universal, since it applies to any combination
of parameter values conspiring to build up the same value of k. The previous constraint, in
fact, translates to

) K \? 2
Koy < (2+9) <W) < ng
(3) T\’
kG, < (2+0) <—) < K
YAu (46)
(5) K 2 6
Kuy < (2+5)(7)\U) < ﬁﬁ,i

where k) ~ 1.53, k) &~ 2.11, k) ~ 6.23, k) ~ 8.43, k{?) ~ 14.33 and ) ~ 18.97.
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Figure 4

Maximum of Twiss “norm” (eq. (35)) for lattice eigenstates in vertical direction for 1°* undulator
section as a function of the gap (left) and sy, (right, solid). The maximum is found by varying the
quadrupole current in the range —10A < I < 0. Beam parameters are the same as in fig. (3). Dashed
vertical lines delimit the region where no physical matching is possible.

In the right plot of fig. (4) the solid line refers to a beam of v ~ 206, with the undulator gap
spanning the interval 8.4 = 20cm. The same curve, including the dashed line, on the other hand,
refers to the same gap interval for a beam of energy decreased by a factor 2.5 (v =~ 82). The
(46) can be reduced to a more suggestive form by casting the undulator strength parameter K
in terms of the resonant wavelength A, and the beam energy -y, which yields

2920 — A

o 2 r U

Ry,y = 47 TA% (47)
Equation (47) can be used express the resonant wavelength vs beam energy corresponding to a
given value k. The curves in fig. (5) plot A, as a function of beam energy for sy , = HE}L where

HS{, are the zeros of Myax. The shaded regions delimit the band-like forbidden zones where no
physical vertical eigenstates can be realized with a single defocusing quadrupole.

A [nm] A [nm]

6000 - 1000 -

5000* 900}

4000* 800:—

3000* 700}

2000 600}

1000 |- 500}

0:50‘ T 1m0 77‘72700‘ - ‘stbr‘riﬁzc‘ioE[Mevlmoi 55 T 1&) B 1§0 — zc‘JoE[MEV]
Figure 5

Left: resonant wavelength vs beam energy (eq. (47)) corresponding to ky = 1.53, 2.11, 6.23 ... (see text).
In the shaded regions it is impossible to realize physical vertical eigenstates with a single defocusing
quadrupole. The black lines correspond to curves where the gap has been kept fixed to g = 8.2mm
(dashed), g = 11.5mm (dash-dotted) and g = 20mm (dotted), respectively. Right: the same as in left
plot, zoomed to a region relevant for SPARC operation. The asterisks refer to the cases described in fig.

(3)-
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IV. OPTIMIZATION. TRANSFER LINE QUADS.

Optimization of FEL performances can be achieved by identifying the value of quadrupole
current downward the undulator which correspond to an extreme (usually a minimum) of a
suitably defined merit functional. Some possible choices are:

¢ = [ aena (48)
¢ =/ e e de (49)
¢ =/ (Bt )i (50)
¢ = et ) (e~ o) (51)

The dependence of functionals (48-51) on the quadrupole current are plotted in fig. (6) (top
graphs) for two working points chosen in two different allowed regions. The crosses tagging the
minima identify the eigenvectors optimizing the beam parameters. Functional (48) and (50),
for example, are designed to minimize the average cross section of the electron beam, functional
(49) is designed to obtain a round beam, and functional (51) is a compromise between size and
roundness.

Once the optimal x,y eigenstates for the undulator section have been found along with the
associated current to be fed to the downward quadrupole, one is left with the final problem of
finding the settings for the quadrupole of the transfer line that realize these states given the
beam properties at the end of acceleration stage. The mathematical problem to be solved is a
set of 2 x 3 nonlinear equations for the currents of an equal number of transfer line quadrupole:

(1) (0)

Oél(ll) =T (Mu,TL) Oél(lo) u=x,y
u o

where My, rp ({Ir.}) is the transport matrix from the end of acceleration stage up to the entrance
of undulator section, which depends of course on the (equal number of) currents {I.} of transfer
line quadrupoles. Note that since (3, oy, and 7, (u=x,y) are not independent for Twiss condition
(35) is naturally preserved, in principle the number of unknowns may be reduced by two (from
6 to 4). Nevertheless, it must be remarked that the problem at hand is non-linear, so there is no
guarantee that a solution exists. Playing around with a numerical code implemented specifically
to handle both cases, clearly shows that solving the complete (6 equations in 6 unknowns),
covertly over-determined problem, turns to be a more robust choice (capability of finding a
solution). In fig. (7) are shown a few examples of matching obtained with different gap values.
In the third case (beam energy and resonant wavelength purposedly chosen to be very close to
the “forbidden zone” where no physical eigenstates exist in the undulator lattice) no matching
could be found with only 4 independent quadrupoles.

V. CONCLUSIONS

In this note the focusing properties of SPARC undulators have been discussed, along with
the analytical conditions to be fulfilled for transporting the beam through the periodic lattice of
undulator’s sections. It has been shown that band-like forbidden zones can be identified in the
plane (Ey, A;) of resonant wavelengths vs electron beam energy, where no physical eigenstates
can be realized simultaneosuly in both transverse directions, in the considered elementary lattice
unit. A proper choice of beam energy and undulator gap in an allowed region of the diagram
in Fig. 5, allows steadily operation of undulators mainly designed to function in the lowermost
region of the plane (A, Ey,) at considerably larger wavelengths.
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Figure 6
Top: merit functionals for undulator eigenstates corresponding to the quadrupole current (in abscissa

)
)

1.1pum). Blue, magenta, orange and red curves correspond to functionals (48), (49),

(50), and (51), respectively; 2°¢ — 5 row: optical functions 3, (blue) and 3, (magenta) for eigenstates

corresponding to the x? minima (the crosses in the top plots).
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Figure 7

Matching from the transfer line up to the first undulator section for three different gaps. Solid and dashed
lines refer to the solution obtained with 4 and 6 transfer line independent quadrupoles, respectively. The
eigenstates in the undulator correspond to optimum found by minimizing functional (48). For the third
gap (11.250mm) only the matching with 6 quads is shown, for it proved problematic to find a solution

with 4. The vertical dashed lines tag the positions of TL- quads, and those shown in fig. (6). The beam
energy is 106MeV in all cases.




