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1. Introduction

The closed orbit correction scheme presented in this paper is based on the calculation of the
Fourier spectrum of the measured closed orbit and of the orbit created by the correctors with a
limited number M of harmonics. The purpose of the truncation isto correct only the harmonics of
the real orbit and not those caused mainly by the unavoidable monitor errors. The correction of the
filtered orbit is obtained by minimizing the strengths of the correctors with the Lagrange
multipliers method.

The correction scheme is described in the first sections of this note and an example of its
application is given in Section 6.

2. Correction procedure

The closed orbit correction scheme presented in this paper is an iterative procedure made up

of the following steps:

1) Compurtation of the Fourier spectrum of the measured closed orbit.

2) Elimination of the harmonics which are mainly generated by the unavoidable monitor

errors rather than by the misalignment errors and choice of the M harmonics to correct.

3) Reconstruction of afiltered orbit with M harmonics.

4) Correction of the filtered orbit by minimizing the corrector strengths with the Lagrange

multipliers method.

Steps 1) and 3) are performed with the same algorithm, which is described in Section 3.

This method, due to the truncation and the minimization procedure, has two main advantages

with respect to other methods:

o first, it allowsto reduce the contribution of the monitor errors to the correction, producing a
good correction of the effective closed orbit due to misalignment errors with low corrector
strengths.

e second, all the calculations are performed by solving linear systems of order 2M, whatever
the number of correctors and monitors.

The second point is particularly important for large machines. In fact, as we show in

Section 6, a small number of harmonics M, centered around the value of the betatron tune, is
needed to obtain agood orbit correction.
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3. Determination of the reconstructed orbit with M harmonics

We expand the closed orbit in Fourier seriesup to order M and impose that it is equa to the
measured values at the monitors. The coefficients of the M harmonics are caculated with the least
square method.

We use Courant-Snyder [1] variablesto simplify the calculations. The Fourier expansion, up
to order M, of the measured closed orbit at the monitors, in Courant-Snyder variablesm and ¢, is:

=2 -2, 3 [am cos(mgy ) + by, sin(mg )] i=1,..H (1)
\/ﬁi 2 m=1

where x; are the measured vaues of the orbit in the horizontal or vertica plane and H is the
number of monitors.

The constant term can be neglected because it depends on the length of the orbit which is
determined only by the RF frequency.

By applying the least square method to the above equations with:

M < H/2
the 2M coefficients ay, and by, can be calculated:

P T
. > [ m — Y (a cos(key) + by sin(kg; ) } 2
ili=ill k=1
(H ™
% > [ mi = > (ak cos(key ) + by sin( kq), }: 0 (3
I li=1L k=1
Evaluating the derivatives and defining a2Mx2M matrix Y
3 '\Z|11 |\:/|12
M21 Mz
H . H . .
Migjk = D, cos(j¢;)cogkgi) 5 Mioj = X cosj¢;)sin(ke;) (4)
i=1 i=1
H . . H . . .
Mojk = D sin(joi)coskei) 5 Moojk = X sin(jgy)sin(ke; )
i=1 i=1
and two column vectors A and V' with 2M components:
Aj = aj
i=1,..M
AlVI+j = bj
©)
H
Vj = X ncos(jg;)
=1 i=1,..M
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equations (2) and (3) can be written:
V =MA. (6)

The Fourier coefficients of the expansion of the measured closed orbit are obtained by invert-
ing the matrix M :

A=M1 (7
It has to be noted that the dimension of theM matrix is twice the number of harmonics M

independently on the number of monitors.

4. Orbit created by a single corrector and constraintsto correct the orbit

Let us consider the betatron equation in Courant-Snyder variables with an unitary corrector
kick placed at the azimuth ¢y :

dne

a2 FQNe=d(0-0w) ®)
The delta function can be written:
1 1 cos(m(o—dy))
8(0-0K)=7 +EZ%- (9)
m=1
Solving term by term we obtain:
1 1
ﬂczanz + (Q2-m?) cos(m(¢—ox)) (10)
Defining:
Chk = cos(m
(11)
1 .
= sin( m¢
Sk E(QZ ~ m2 ) ( k )
and keeping only the oscillating terms the orbit of a corrector can be written as:
Ne = X (CriAk COS(MP) + S Ay Sin(mg)) (12)

m=1
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where A isthe kick of the corrector in Courant-Snyder variables:

_o. 5. (B
Ay =Q\ Bk Bp

(13)

In order to cancel with the correctors M harmonics of the measured orbit we must satisfy the
following 2M equations:

N

am - 2.ChkAx=0  mM=1.M (14)
k=1
N

bm — ZsmkAk =0 m=1,..M (15)
k=1

where N is the number of unknown kicks.

5. Lagrange multipliers method to minimize the average quadr atic kick

The closed orbit due to misaignment errors is produced by many small kicks distributed
along thering. Therefore the correction is more efficient if it is obtained with many low intensity
correctors instead of few high strength ones. This is obtained by minimizing the correctors
strengths with the Lagrange multipliers method. The minimum number of correctors is twice the
number of harmonics but in practice the number of correctors is aways larger than 2M. We use
all the available correctors minimizing the sum of the kicks squared, i.e. the function:

N
Fo= A% (16)
k=1

A well known way to satisfy at the same time (14), (15) and (16) is the Lagrange multipliers
method. We add to Fy the 2M constraints (14) and (15) multiplied respectively by Aan and Apm.
Thetotal function to minimize by using the 2M multipliers Aam , Apm and the N kicks Ak is:

N M N N
F:ZA%(-l_Z lam[am_ZcmkAkJ‘Flbm[bm_ZSmkAk] (17)
k=1 m= k=1 k=1
where:
2M <N

Imposing that the derivatives of F with respect to Ax must vanish we obtain:

OF i
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namely:

M
Ak =7 > (2amCrmic + AbmSmk) (19)

m=1

From the 2M derivatives of F with respect to Agm and Apm We reproduce equations (14) and
(15). Substituting eg. (19) into (14) and (15) gives.

N M
2am = Z Z[kacjklaj + kasjk/lbj ] (20)
k=1j=1
N M
2bm =Y, [SkCjkAaj + SmkSjkAb | (21)
k=1j=1

Itis useful to define a2Mx2M matrix G and avector & with 2M components; the vector A
isdefined in (5):

N N
Giamj = X, CrmkCik Gi2mj = D, Cmk Sik
k=1 k=1
(22)
N N
Go1mj = 2, SmkCik Goomi = D, Sk Sik
~ e A Ai =24
_|Gun G2 G i=1,.M 23)
Gy G AM+j = Ay
Equations (20) and (21) can be written:
2A = G4 (24)
andthevaluesof A can befound by inverting the matrix G:
2 =2G71A. (25)

Finally the angles of the correctors are obtained by inserting the values of A in equation (19).

The correction is calculated by inverting a square matrix 2Mx2M, where M is the number of
harmonics chosen by truncating the Fourier spectrum of the orbit. As the closed orbit is resonant
with the betatron tune, a good correction is achieved with a reatively small number of harmonics
centered around the tune value.

Thisis an advantage for large machines with respect to other methods which find the solution
by inverting large matrices with the dimension of the number of monitors or correctors.
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6. Application to a storage ring

The closed orbit measured in a storage ring is aways affected by unknown monitor errors;
the main advantage of this method isthe possibility of filtering out the errors of the monitors and
of reducing the strengths of the correctors. To show this we simulate a closed orbit due to
guadrupoles misalignment, then we add to the value of the displacement a each monitor a monitor
error extracted at random with agaussian distribution. In this way we simulate a measured closed
orbit for which we know exactly the contribution of the monitor errors.

The lattice used is that of the DA®NE accumulator ring with Qx =3.1, Qy = 1.15 and the
error orbit issmulated by MAD [2]. We have applied the harmonic correction scheme varying the
number of harmonics used to reconstruct the orbit and to calculate the correctors. The rms and
peak values of the orbit at the monitors, before correction, are given in Table | for an horizontal
orbit with and without monitor errors (cgy is the standard deviation of the monitor errors).

Table | - rmsand peak values of the smulated closed orbit at the monitors

monitor errors monitor readings
Ger (Mm) X rms_(Mm) X max_(mMm)
0. 5.05 8.65
1 5.01 8.17

The Fourier spectrum of the orbit is calculated, as described in Section 3, with five harmonics
centered around m=3, which is the harmonic nearest to the betatron tune. The amplitude of the

different harmonics :
pP= '\f/<ﬁx>'\j ar2n + br% ,

where <Byx> isthe mean value of the beta-function over the ring, is shown in Fig. 1 for the smu-
lated closed orbit with and without monitor errors and for the monitor errors only.

Fourier spectrum
7 T T T T T T T T ‘ T T T T ‘ T T T T ‘ T T T T ‘ T T T

=

6 X —01- - - only monitors err.
i ----A---- N0 Monitors err.

—— cerrzlmm

o
o

Fig. 1 - Fourier spectrum of the reconstructed closed orbit
with and without monitor errors and of only the monitor errors.
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The closed orbit is resonant with the betatron tune of the ring. Therefore its Fourier spectrum
has a sharp peak on the third harmonic (the nearest to Qx = 3.1). The ratio between the third
harmonic and the two nearby ones is of the order of 1/AQ, where AQ is the fractiona part of the
machine tune, afactor 10 in this case.

The spectrum of the monitor errorsonly is nearly flat.

The spectrum of areal orbit is aways affected by the monitor errors and is smilar to the
curvefor 6o =1 mmshownin Fig. 1. the harmonic nearest to the betatron tune is dominated by
the misalignment closed orbit while the other harmonics are dominated by the monitor errors.

The correction of the third harmonic reduces the closed orbit by a factor nearly ten, which is
already satisfactory. The correction of further harmonics does not reduce the closed orbit, on the
contrary makesit larger because those harmonics are mainly produced by the monitor errors.

The correction of afew harmonics beside the main one is convenient only if the contribution
of the monitor errors for those harmonicsis smaller than that of the closed orbit.

We apply the formulas given in Section 5 to the smulated orbit to obtain the strength of the
correctors and then calculate the orbit a the monitors after correction for different values of the
number of harmonics Npgrm-

Thisis done for two different values of the standard deviation of the monitor errors:

a) Oo =1mm theharmonics, except thethird, are dominated by the monitor errors

b) ©er =.2mm for thethird and the second harmonic the monitor errors are smaller than
the closed orbit.

For each case the correction is calculated for 100 orbits corresponding to the same aignment
errors and different random extraction of the monitor errors.

The average, over 100 extraction of the monitor errors, of the rms vaue of the closed orbit
after correction, as afunction of Npam, isshown in Fig. 2 for the two cases. Correspondingly the
average of the rmsvalues of the corrector strengths is given in Fig. 3. The index m of the Npgrm
harmonicsislisted in Table 2.

Table Il - Index m of the Nngrm harmonics used for the correction

m 3 23 234 12345
Closed orbit after correction Correctors strength
L2 pe 12 e ‘ ‘ T
. T S PR S R N R il
AT : : / ] [ brms .
o8 (MM 0 | (mrad) »
- ~ .
0.6 [ ez B L - S S 4
0 | . \ . I | l . J .
o 1 2 3 4 harm -
Fig. 2 - Average, over 100 extraction of the monitor Fig. 3 - Average, over 100 extraction of the monitor
errors, of the rms value of the orbit, after correction errors, of the rms value of the deflection angles of
with Npgrm harmonics, versus Npgrm. the correctors versus Npgrm.

a) Ogr =1 mm; b) ogr =.2Mm a) Ogr =1mm; b) ogr =.2mm
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For the orbit with larger monitor errors (@) it is clearly convenient to correct only the third
harmonic because correcting more harmonics gives a larger closed orbit and, moreover, increases
very rapidly the strength of the correctors.

For the orbit with smaller monitor errors (b) the correction with only the third harmonic
reduces the closed orbit by a large factor (X, before corr./after corr. = 13). Correcting also the
second and fourth harmonic gives only an orbit reduction of a factor 1.3 a the expense of an
increase of the correctors angles by afactor 1.6.

It hasto be noted that the rms deflection angles required to correct the third harmonic do not
depend on the monitor errors because the closed orbit is resonant with the betatron tune and the
influence of the monitor errors on the peak harmonic is negligible.

7. Conclusions

With this method a large reduction of the closed orbit can be obtained, by using only the
harmonic nearest to the Q value, with the minimum strength of the correctors independently from
the magnitude of the monitor errors. To further reduce the closed orbit the number of harmonics
used in correction can be increased; the optimal correction is obtained by truncating the Fourier
spectrum when the monitor errors became dominant with respect to the alignment closed orhit.

In areal machine the monitor errors are not known; therefore an iterative procedure is needed
for the choice of the best set of harmonics.

A possible procedure is to calculate the Fourier spectrum with a given number of harmonics
(always less than half the number of monitors) and consider the ratio between the peak and the
neighbors harmonics: if it is small with respect to the theoretical vaue (1/(Q2-m?2)) it means that
the harmonic is dominated by the monitor errors and is not useful for correction.

Asit is agood rule to try to keep low the correctors strengths a good procedure is to try to
correct the orbit with a small number of harmonics, then check the goodness of the correction and
in case increase the number of harmonics. A possible method to check the goodness of the
correction is to measure two orbits a different tunes and subtract one from the other: when the
difference vanishes the orbit is corrected.
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